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Abstract
We study global gravitational anomalies in type IIB string theory with nontrivial middle coho-
mology. This requires the study of the action of diffeomorphisms on this group. Several results
and constructions, including some recent vanishing results via elliptic genera, make it possible
to consider this problem. Along the way, we describe in detail the intersection pairing and the
action of diffeomorphisms, and highlight the appearance of various structures, including the
Rochlin invariant and its variants on the mapping torus.
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1 Introduction
There are two string theories with chiral supersymmetry in ten dimensions: heterotic string theory
and type IIB string theory. Due to the presence of chiral fermions, these theories might a priori
suffer from anomalies, both local and global. However, the first theory is in fact anomaly free, both
locally [3] and globally [54] [55]. The second theory is also free of local anomalies [3] as seen via
a “miraculous cancellation formula”. Thus, it then makes sense to discuss global anomalies. The
question of whether or not there are global anomalies in type IIB string theory has been investigated
by Witten in Ref. [54], in the special case when the middle cohomology vanishes. These potential
anomalies are gravitational since type IIB string theory has no gauge fields, and hence there are
obviously no global gauge anomalies. The aim of this paper is to investigate the question in general.
Difficulties. Witten’s analysis indicates that type IIB string theory does not have global anoma-
lies, but he states that his conclusion is not quite rigorous because of physical and mathematical
uncertainties about how to treat antisymmetric tensor fields. This involves encoding the antisym-
metric field by an operator acting on bispinors. Furthermore, if the fifth Betti number of X10 is not
zero then this operator might have zero modes and hence might affect the result. Therefore, the
paper [54] worked with the assumption that the fifth Betti number b5(X
10) vanishes. In the case
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when b5(X
10) 6= 0, it was anticipated by Witten that the contribution of the self-dual tensor to a
possible global anomaly depends on the action of the diffeomorphism f on the middle cohomology
group H5(X10;R).
Recent developments. There has been several developments since the original treatment in [54]
which make it timely to revisit this problem. These developments include:
1. Much better understanding of the dynamics of self-dual fields [23] [49] [6] and their partition
functions [24] [56] [57] [26] [7] [8] [36]. The bosonic field appearing in the discussion of the anomaly
is the 5-form antisymmetric tensor, which is self-dual.
2. More techniques for counting fermion zero modes [4] [15] [28]. Global anomalies can involve
the phase of the effective action, and can be investigated by counting the number of fermion zero
modes for the Dirac operator, and the number of zero modes for the signature operator. The latter
has been studied in the dual context of M-theory [46] [47].
3. An understanding of the need for a quadratic refinement of bilinear forms associated with the
self-dual field [56] [57]. Global anomaly considerations will have to take such refinements into
account. This will be central in our description of the structures associated with the anomaly.
4. A better understanding of the geometry of diffeomorphisms [34] [31] [18]. This includes the
description of the holonomy of the line bundle associated to the signature via the Rochlin invariant
and variations thereof.
5. A better understanding of structures related to the families index theorem using generalized
cohomology [16], and corresponding vanishing theorems, using elliptic genera [21]. The latter will
be a major point in our description; it will allow us to deduce the triviality of the holonomy of the
anomaly line bundle.
In addition to the above relatively recent works, we make use of classic results in topology not
widely known in the physics literature; this includes [29] [13].
What we do. We provide the context which brings into light the relevance and the applicability
of the above works, and apply the techniques in a suggestive way that leads us naturally to arrive at
the desired conclusions on global anomalies of type IIB string theory in the case when b5(X
10) 6= 0.
In particular, we study the anomaly line bundles, their holonomy, the effect of diffeomorphisms
on the middle cohomology in ten dimensions as well as on (almost) middle cohomology in eleven
and twelve dimensions, via the mapping torus and its bounding space. We view the main point
as a culmination of the above works. Along the way, we clarify the physical role of the various
geometric, topological and algebraic structures involved. Thus the paper takes on an expository
style throughout, and in certain sections is a survey.
Outline of the paper. We start in section 2.1 by reviewing the basic setting in type IIB string
theory; this includes the field content, the self-dual fields and their local anomalies, and the analysis
of the global anomalies in the special case of vanishing middle cohomology. In section 2.2 we outline
the construction of the line bundles associated with the three relevant operators: the Dirac, Rarita-
Schwinger, and signature operators, using Atiyah’s formulation of the latter. This then leads to a
description of their holonomy in section 2.3 in the context of Bismut and Freed. Having set up the
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holonomy in terms of eta invariants, we study the variation over the parameter space in section
2.4, thereby demonstrating cancellation via elliptic genera. Having spelled out the main ingredient
in the anomaly cancellation, we go back and study details and tie some ends, starting in section
3, where we include the middle cohomology and study the resulting intersection forms in ten and
twelve dimensions (with boundary) in section 3.1 and section 3.2, respectively. The description
of the action of diffeomorphisms on middle cohomology is better done using the dual homology
instead, which we explain in section 3.3. Then, in section 3.4, we bring in quadratic forms and
their refinements, which are essential for studying the self-dual field. We distinguish quadratic
forms appearing over Z, Z2 and Q/Z and in ten, eleven, and twelve dimensions in section 3.5,
where we also describe the connection to the Arf invariant. This leads to the study of characteristic
vectors, in section 3.6, and Wu classes, in section 3.7, as they also appear in the partition function,
which we use for insight. Having set up algebraic, geometric and topological tools, we apply them
to the study of diffeomorphisms in section 4. We consider diffeomorphisms preserving the Spin
structure and quadratic forms in section 4.1 and section 4.2, respectively. Finally in section 4.4
we describe the relation to the Rochlin invariant of the mapping torus, and in section 4.5 to the
Neumann, Fischer-Kreck, and Ochanine invariants.
Many of the constructions in this paper carry over to the M5-brane, for which similar results
hold. We plan to spell out the details elsewhere.
Note added. After we finished writing this paper, a preprint appeared [37] in which the author
announces a forthcoming work on the same problem. The two approaches seem to be different,
and we hope that they will each enrich the knowledge in this area. A possible connection is that
a good part of our (more formal) discussion can be recast in terms of theta functions and theta
multipliers, via the topological interpretation of these in [34] [31].
2 Global anomaly cancellation
In this section we start by reviewing the physical setting, then we set up the line bundles needed
to study the global anomaly, and then we study the cancellation of that anomaly.
2.1 Review of the setting in type IIB string theory
We recall some of the basic aspects of type IIB string theory that we will need for the rest of the
paper and which will pave the way for the discussion of global anomalies. We take type IIB string
theory on a 10-dimensional Spin manifold X10 with metric g, tangent bundle TX, and Spin bundle
S(X).
Type IIB supergravity is the classical low energy limit of type IIB string theory. There is no
manifestly Lorentz-invariant action for this theory [33], but one can write down the equations of
motion [48][27], and the symmetries and transformation rules [50].
A key property of a self-dual theory, like the type IIB theory, is that there is no single preferred
action, but rather there is a family of actions parametrized by a Lagrangian decomposition of
the space of fields. In type IIB string theory there is no canonical choice of such Lagrangian
decomposition for general spacetimes, and that is why writing an action is difficult. However, in
the case of product spacetimes and at low energy, corresponding actions can be written [8].
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Field content. The field content of type IIB supergravity is:
1. Bosonic: metric g, two scalars φ and χ, a complex 3-form field strength G3 and a real self-dual
5-form field strength F5. Within this set, the latter field will be the main focus of this paper.
2. Fermionic: two gravitini ψi (i = 1, 2) of the same chirality, i.e. sections of S(X)± ⊗ (TX − 2O)
(with the same choice of sign), and two dilatini of the opposite chirality, λi ∈ Γ[S(X)∓]. Here O
denotes a trivial line bundle.
Self-dual fields. In 10 = 4 ·2+2 dimensions, from a pair of spinors of the same chirality one can
always construct the components of a 5-form F5 by sandwiching five (different) γ-matrices between
the two spinors (see e.g. [2]). There are two cases to consider, according to the signature of the
10-dimensional metric:
1. Lorentzian with metric gL: FL5 is self-dual if F
L
µ1···µ5 =
1
5!ǫµ1···µ10F
µ6···µ10
L with ǫ01···9 = +
√
|gL|
and is obtained from two spinors ψI (I = 1, 2) satisfying γMψI = +ψI , where γM = γ
0
M · · · γ
9
M is
the chirality matrix in Minkowski space.
2.Riemannian with metric gR: FR5 is called self-dual if F
R
j1···j5
= i5!ǫ
R
j1···j10
F j6···j10R with ǫ
1···10
R =
1/
√
gR and is obtained from two spinors χI (I = 1, 2) satisfying γEχI = +χI , where γE =
iγ1E · · · γ
10
E is the chirality matrix in Euclidean space.
With the careful conventions in Ref. [9], γE = −γM upon analytic continuation, and so what is self-
dual in one signature is anti-self-dual in the other. We will be mostly focusing on the Riemannian
case for the geometric and topological considerations we have in mind.
Local anomalies with self-dual fields. In addition to arising from spinors, anomalies can
result from a self-dual or anti-self-dual 5-form F5 in ten dimensions. Since F5 can be constructed
from a pair of positive chirality spinors, the contribution to the anomaly is given by the Aˆ-genus
multiplied by tr exp(iR), where R is the curvature of the metric g. There are two factors of 12 , one
coming from chiral projection of the spinor and another due to the fact that F5 is real. Overall,
the index density is the degree twelve form
IA(R) =
1
4
[
Aˆ(Z)tr exp (iR)
]
=
1
4
[L(Z)](12) , (2.1)
where L(Z) is the Hirzebruch L-polynomial. The index of a negative chirality (anti-self-dual) field
is minus that of the corresponding positive chirality (self-dual) field. Therefore, the anomaly poly-
nomial corresponding to (anti-)self-dual form field is IA =
[
−12
1
4L(Z)
]
(12)
. Then 10-dimensional
type IIB supergravity with a self-dual 5-form field, a pair of chiral spin 32 Majorana-Weyl gravitinos,
and a pair of anti-chiral Majorana-Weyl spin 12 fermions, leads to the total anomaly polynomial
I(R) = IA(R)− I
1
2 (R) + I
3
2 (R) . (2.2)
Here I
1
2 (R) is the Aˆ-genus and I
3
2 (R) is the twisted Aˆ-genus corresponding to the Rarita-Schwinger
fields. The relative minus sign is due to the spinors being of opposite chirality. Note that I(R) =
0 when all the terms are added, demonstrating that type IIB supergravity indeed has no local
anomalies [3].
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Global gravitational anomalies for b5(X) = 0. Gravitational anomalies require working with
the mapping torus Y 11 = (X10 × S1)f of the 10-manifold X
10 corresponding to a diffeomorphism
f : X10 → X10, and then lifting to a bounding 12-manifold Z12 with Y 11 = ∂Z12. Therefore, the
study of anomalies in this case requires the use of the index theorem for manifolds with boundary,
i.e. of Atiyah-Patodi-Singer (APS) type [5] and hence involves eta invariants ηD, ηR, and ηS of
the Dirac, the Rarita-Schwinger, and the signature operators, respectively. For a theory with ND,
NR and NS chiral Dirac, Rarita-Schwinger, and self-dual tensor fields, the change in the effective
action under a diffeomorphism is [54]
∆I =
πi
2
(
NDηD +NR(ηR − ηD)−
1
2
NSηS
)
= 2πi
(
1
2
NDindex(D) +
1
2
NR(index(R)− 2index(D))−
1
8
NSσ
)
−2πi
∫
Z
(
1
2
NDÂ(R) +
1
2
NR
(
K(R)− 2Â(R)
)
−
1
8
NSL(R)
)
mod 2πi , (2.3)
where K(R) = I
3
2 (R) is the Rarita-Schwinger index, σ is the Hirzebruch signature, and η is the
APS defect for each of the indicated operators (cf. Section 3.2). As indicated above, for type IIB
string theory the values are ND = −1, NR = 2, and NS = 1, so that
∆I = −2πi
σ(Z12)
8
mod 2πi . (2.4)
The quantity ∆I is a topological invariant, since mod 16 the signature σ(Z12) depends only on
the topology of ∂Z12 = (X10 × S1)f . Therefore, if σ(Z
12) is divisible by 8 then the effective
action is invariant and hence there are no global anomalies in this case [54]. As recalled in the
introduction, the above analysis is done for the case when b5(X
10) = 0. What we do in the rest of
the paper is extend to the case when there is nontrivial middle cohomology and then investigate
the corresponding effect of the relevant diffeomorphisms.
2.2 Line bundles on parameter space
In this section we describe the line bundles on the parameter space which capture the contribution
to the global anomaly of each of our three operators. We will consider structures related to the
situation depicted in this diagram
X10 // Y 11



// Z12

N

X10oo
S1


// Σ // B
(2.5)
where
• Σ is a Riemann surface with boundary ∂Σ = S1.
• Y 11 = (X10 × S1)f is the mapping torus corresponding to a diffeomorphism f : X
10 → X10,
which has the structure of a bundle over S1 with fiber the 10-manifold X10.
• B is the parameter space which will be the product of the intermediate Jacobian and the space
of metrics modulo appropriate diffeomorphisms.
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• N will be the total space of B with fiber X10.
We will consider the above bundles with rescaled metrics, generically gtot = gfiber ⊕
1
ε2
gbase and
take the limit ε→ 0.
A summary of the line bundles is provided by the following:
1. The line bundle corresponding to the Dirac and Rarita-Schwinger operators. These are line
bundles over the space of metrics modulo diffeomorphisms. The index of the Dirac operator in
dimensions of the form 8k + 4, corresponding to anomalies in dimensions 8k + 2, is even since the
spinors are quaternionic. This implies that the first Chern class of the corresponding determinant
line bundle will be even [19].
2. The line bundle corresponding to the signature operator. This is a line bundle over the space
of the fields of middle degree, that is the intermediate Jacobian Jac. With S± the positive and
negative chirality spinor bundles, the spaces S+⊗S+ and S−⊗S+ are isomorphic to the spaces of
even, respectively, odd self-dual forms. Therefore, a chiral Dirac operator coupled to the positive
chirality Spin bundle S+ can be viewed as a signature operator.
3. The combined line bundles. We will consider the tensor product of the three line bundles above.
However, two of them live on one space and the third lives in another. One thought would be
to take the product of the two spaces, the space of metrics modulo appropriate diffeomorphisms
and the space of the fields of middle degree, and declare this as the general base space of the line
bundles. However, the restriction of the Hodge ∗ operator to middle degree cohomology provides a
map from M/D to Jac, which we can use to pull back the line bundle over the latter.
We now consider the line bundles in more detail. Since the ‘usual’ Dirac operator is familiar,
we will focus on the signature operator (which itself can be viewed as a Dirac operator), in the
setting of diagram (2.5).
The line bundle corresponding to the signature operator. Let π : X10 → N → B be a
smooth fibration with fiber at a point x ∈ B a 10-manifold X10x which is equipped with a metric and
a compatible Spin structure. The Spin structure varies smoothly over the parameter space B so that
the structure group of the fibration π is a subgroup of the Spin diffeomorphism group. Then there
is a principal Spin(10) bundle P (X10x ) over the fibers. With S
± the positive and negative chirality
half-spinor representations of Spin(10), we form the vector bundles E±x = P (X
10
x ) ⊗ S
± and the
corresponding Dirac operator DAx : L
2(E±x ) → L
2(E∓x ) on the Hilbert spaces of sections. As the
parameter x varies in B, the Hilbert spaces of sections L2(E±x ) form Hilbert bundles L
2(E±) and
the operators DAx form a continuous family of operators D : L
2(E±) → L2(E∓) on these Hilbert
bundles.
There is a well-defined complex line bundle detDA over B. The fiber (detD)Ax over a point
x ∈ B is isomorphic to the space
(
Λmax kerDAx
)∗
⊗
(
Λmax cokerDAx
)
. There is a connection ∇ on
the line bundle detDA over B whose holonomy 2 around an immersed circle γ : S1 → B in the
base manifold can be described as follows: Pulling back by γ there is an 11-dimensional manifold
which is diffeomorphic to the mapping torus Y 11 = (X10 × S1)f with a diffeomorphism f specified
by γ. Choosing an arbitrary metric gS1 on S
1, and using the projection pr : TY 11 → TvY
11 to
the tangent bundle along the fibers, we obtain a Riemannian structure on Y 11. Since the structure
2We will describe the holonomy more fully in the next section.
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group of the fibration π is a subgroup of the Spin diffeomorphism group, it follows that f is covered
by a canonical Spin diffeomorphism 3 and the mapping torus has a natural Spin structure. From
this Spin structure on Y 11 we obtain a Spin bundle over Y 11 with structure group Spin(11) and a
corresponding Dirac operator on the space of smooth sections of this bundle.
The signature of the extension of the mapping torus. Consider the fibration X10 → Z12 →
Σ, where Σ is a Riemann surface with boundary. Assume that the total space Z12 is oriented; this
is equivalent to assuming that the fundamental group π1(Σ) acts trivially on H
10(X10). Then the
signature σ(Z12) on the middle cohomology H6(Z12) is defined. Assuming appropriate metrics, we
have an APS problem and the the signature is given by the APS index theorem. The extension of
the bundle structure from the mapping torus Y 11 to its bounding space Z12 involves taking into
account cobordism of diffeomorphisms, discussed in section 4.5.
The signature of the 10-manifold X10. Consider the signature operator SX of the 10-manifold
X10 defined as SX = d + d
† : Ω+(X10) → Ω−(X10), where Ω± are the ±1-eigenspaces of the
involution ωp → i
p(p−1)+1 ∗ ωp on a p-form ωp. We see that for p = 5, the involution is ω5 7→ i ∗ ω5.
Let H+ and H− denote the solution spaces of SXu = 0 and S
†
Xv = 0, respectively, i.e. the
spaces of harmonic forms in Ω+(X10) and in Ω−(X10). Now if we vary X10 over the fibers of
Z12 → Σ we get a family Dx of Dirac operators and corresponding spaces H
+
x and H
−
x of harmonic
forms which define vector bundles H+ and H− over Σ. The Quillen line bundle L is the bundle
detH− ⊗ (detH+)−1 over Σ endowed with a natural unitary connection.
Zero modes of the signature operator. As explained in [4], one advantage of the signature
operator over the generic Dirac operator is the ability of the former to control the integer ambiguity
left by the Bismut-Freed formulation. This is because the zero eigenvalue of the Dirac operator
cannot be controlled in general, while for the signature operator the identification of harmonic forms
with cohomology via Hodge theory fixes the integer ambiguity. The 0-eigenvalues of the signature
operator, given by the harmonic bundlesH±, can be incorporated as follows (see [4]). Let S ′X be the
restriction of the signature oprator SX to the orthogonal complement of the harmonic spaces H
±.
Then, via Quillen’s formalism, detS ′X is a nowhere zero section of a line bundle L
′ with a unitary
connection over Σ. The harmonic bundles H± have natural metrics and connections induced via
orthogonal projectiosn from the Hilbert space bundles of all forms. Then H = detH−⊗(detH+)−1
is a line bundle with unitary connection. The two line bundles are then related as L = L′⊗H with
the induced unitary connection.
2.3 Holonomy of line bundles on the parameter space
All three operators that we have, namely the Dirac operator, the Rarita-Schwinger operator, and
the signature operator are of Dirac-type, that is are examples of generalized Dirac operators. In
this section we consider the holonomy of the line bundles associated with these operators on the
parameter space, using the general formulation of Bismut and Freed [10] [11].
Holonomy of the line bundle. In order for the eta invariants to be independent of the metric
on S1, we rescale the metric on the circle gS1 as
1
ǫ2
gS1 and take the adiabatic limit, given by ǫ→ 0.
3See Section 4.1 for details.
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Corresponding to the rescaled metric we have a Dirac operator DAǫ on the mapping torus Y
11 and
an eta invariant η(DAǫ ). We form the reduced eta invariant as η(D
A
ǫ ) =
1
2 (η(D
A
ǫ ) + dimkerD
A
ǫ ) =
1
2(η(D
A
ǫ )+h(D
A
ǫ )), where h is the number of zero modes. Then the Bismut-Freed theorem [10] [11]
says that the holonomy around the loop γ of the connection ∇ on the determinant line bundle is
hol(γ; detDA,∇) = lim
ǫ→0
e−2πiη(D
A
ǫ ) . (2.6)
The above has been for the signature operator (viewed as a generalized Dirac operator). There are
similar results with obvious changes for the Dirac operator and the Rarita-Schwinger operator; for
the latter we have to replace the Spin bundle by the tangent bundle. Let us denote the resulting
three lines bundles with connections by LA, LRS , and LDir, corresponding to the signature, the
Rarita-Schwinger operator, and the Dirac operator, respectively. The holonomy of each of the
connections on the line bundles corresponding to the three operators will have expressions of the
form (2.6). The holonomy of the tensor product line bundle 4
Ltot := LA ⊗ L
−1
RS ⊗ L
4
Dir (2.7)
with tensor product connection ∇tot will take the form
hol(γ;Ltot,∇
tot) = lim
ǫ→0
exp
{
−2πi
[
η(DAǫ )− 8η(D
RS
ǫ ) + 32η(Dǫ)
]}
. (2.8)
Line bundles over S1 vs. over Σ. The first Chern form of the Quillen line bundle L is [10] [11]
c1(L) = −
1
2
lim
ε→0
∫
X10
L12 (2.9)
where the factor of 12 arises because we are dealing with the L-polynomial rather than the Aˆ-genus.
When Σ is the disk D2, the holonomy of L around the bounding circle of Σ is just exp(−πiη0(Y 11)),
where η0 = limε→0 η
ε is the adiabtic limit of the eta invariant. For global anomalies we consider
Σ’s that are topologically nontrivial. The extension from bundles over S1 to bundles over Σ will
be discussed in section 4.5.
Relative Chern class of the holonomy line bundle. As L′ (from the end of last section) is
trivialized by detS ′X , we have an isomorphism L
∼= H as a bundle but the isomorphism does not
preserve the metric or connection. Using expression (2.9), the APS index formula can be written
as
σ(Z12) = −2
∫
Σ
c1(L)− η
0(Y 11) . (2.10)
Since, via [10], −πiη0(Y 11) is distinguished choice for the logarithm of the holonomy of L around
S1 = ∂Σ, we get a relative Chern class c1(L, η), where as explained in [4] the notation highlights
that this Chern class is obtained from the eta invariant. Then (2.10) becomes
σ(Z12) = −2c1(L, η) . (2.11)
4Note that the signature is divisible by 8 (cf. section 3.6), which is ‘built into’ LA. See the remarks at the end
of this section for more on this. As cited at the end of the introduction, the new work [37] constructs line bundles
explicitly from physical data.
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This can be interpreted as signature of a local coefficient system over Σ. The fibration Z12 → Σ
gives a local coefficient system corresponding to the representation of the fundamental group π1(Σ)
on the cohomology of the fiber H∗(X10). The middle cohomology H5(X10) gives a flat bundle with
an antisymmetric form. This form can be changed to a Hermitian form by complexifying coefficients
and multiplying by i. This Hermitian form has type (12b5,
1
2b5), where b5 = dimH
5(X10) is the fifth
Betti number of the fiber. From [4], multiplicativity of the signature for fiber bundles gives that
the signature of Σ with coefficients in this flat bundle is equal to the signature of the total space
σ(Σ,H5(X10)) = σ(Z12) . (2.12)
The contribution to H± from Hj(X10) and H5−j(X10) for j 6= 5 cancel. That is, there is no
contribution from the Ramond-Ramond fields other than the self-dual 5-form.
As a warm-up for the general discussion in Section 2.4 below, we illustrate some of the points
on the variation of the above holonomy in the case of change of Spin structure.
Different Spin structures. Suppose that our 10-manifold X10 has more than one Spin structure
(see [45] for an extensive discussion of the effect of multiple Spin structures in the related context
of M-theory). Suppose π is a fibration of 10-manifolds X10, with two preferred Spin structures
ω1 and ω2. Corresponding to these two Spin structures there are families of Dirac operators Dω1
and Dω2 , and corresponding determinant line bundles detDω1 and detDω2 . From the curvature
formula of Bismut-Freed, these two complex line bundles have the same curvature 2-form. Hence,
the contribution of their difference to the local anomaly is zero, and hence the local anomaly is
not sensitive to the change of Spin structure. Stated more precisely, the complex line bundle
Lω = detDω1/detDω2 = detDω1 ⊗ (detDω2)
∗ is flat. However, for the global anomaly we need
to investigate the holonomies of this flat line bundle. Let ω′1 and ω
′
2 be the Spin structures on
the mapping torus Y 11 = (X10 × S1)f induced by the Spin structures ω1 and ω2 on X
10. The
corresponding diffeomorphism f is specified by the loop γ. Then, from [31], we have that the
holonomy of the the quotient line bundle Lω is given by
hol(γ;Lω,∇ω) = lim
ǫ→0
exp
{
−2πi
[
η(Dǫω′
1
)− η(Dǫω′
2
)
]}
. (2.13)
This formula holds for all three operators, namely the Dirac operator, the Rarita-Schwinger op-
erator, and the signature operator. Hence, the total variation with respect to the change of Spin
structure is given essentially by the product of three appropriate copies of either side of expression
(2.13). We need to consider the change of Ltot under the variation of Spin structure. This will then
be (we use hol to denote hol(γ;Ltot,∇
tot
ω ))
hol= lim
ǫ→0
exp
{
−2πi
[
(η(DAǫ,ω1)− η(D
A
ǫ,ω2)− 8(η(D
RS
ǫ,ω1)− η(D
RS
ǫ,ω2)) + 32(η(Dǫ,ω1)− η(Dǫ,ω2))
]}
= lim
ǫ→0
exp
{
−2πi
[(
η(DAǫ,ω1)− 8η(D
RS
ǫ,ω1) + 32η(Dǫ,ω1)
)
−
(
η(DAǫ,ω2)− 8η(D
RS
ǫ,ω2) + 32η(Dǫ,ω2)
)]}
= lim
ǫ→0
exp {−2πi[ηω1tot − η
ω2
tot]} ,
where we have defined the ‘total reduced eta invariant’ ηωitot := η(D
A
ǫ,ωi) − 8η(D
RS
ǫ,ωi) + 32η(Dǫ,ωi)
for i = 1, 2, corresponding to the two Spin structures. We will consider such a combination again
towards the end of next section. We will demonstrate, using the results of Ref. [21], that this com-
bination of eta invariants is constant under change of metric modulo appropriate diffeomorphisms.
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2.4 The global anomaly cancellation
The local anomaly involves characteristic classes and characteristic forms. The global anomaly
will also involve curvatures of line bundles via the holonomy (see [20] for an excellent general
discussion). Modular properties of characteristic forms following from elliptic genera are powerful
in giving relations among such forms. Along these lines, we will use the recent vanishing results of
Ref. [21] throughout this section. That elliptic genera appear in a fundamental way in type IIB
string theory is remarkable as it shows that they might have a role to play in type IIB, which is
analogous to the role the Witten genus plays in anomaly cancellation in heterotic string theory [32]
and in understanding topological aspects of M-theory [43] [44].
Consider the mapping torus Y 11 = (X10 × S1)f corresponding to a diffeomorphism f : X
10 →
X10 on the type IIB spacetime X10, a Spin 10-manifold. Take this mapping torus to be the
fiber in the smooth fiber bundle Y 11 → M → Mmet/D over Mmet/D, the quotient of the space
of Riemannian metrics Mmet on X
10 by an appropriate diffeomorphism group D. We will be
interested in D being the group of diffeomorphisms preserving the Spin structure on X10 and/or
preserving the quadratic refinement corresponding to the self-dual 5-form field. We will discuss
such points extensively in section 4.
Let TY 11 with metric gY be the tangent bundle of the mapping torus viewed as the vertical
tangent bundle of the fiber bundle M. The total tangent bundle to M splits orthogonally as
TM = THM⊕TY
11, where THM is the smooth horizontal subbundle. A metric gD on T (Mmet/D)
can be lifted to a metric on TM which is the sum gD ⊕ gY .
We need connections on the various spaces. First we start with the Levi-Civita connection ∇L
on the tangent bundle TM of the total space, and then we form the metric-preserving connection
∇Y on the vertical tangent bundle TY 11 defined by the relation ∇YUV = PY∇
L
UV , for U ⊂ TM ,
V ⊂ TY 11. Here PY is the orthogonal projection from the total tangent bundle TM to the vertical
tangent bundle TY 11. In order to consider characteristic forms and characteristic classes we form
the curvature RY = (∇Y )2 of the connection ∇Y .
The family signature operator. Let {e1, e2, · · · , e11} be an oriented orthogonal basis of TY
11.
We can form the exterior bundle ΛTY 11 and consider differential forms on the mapping torusY 11.
Let dY denote the exterior derivative along the fibers. Denote by c the Clifford action on the
complexified exterior algebra bundle ΛC(T
∗Y 11) of the cotangent bundle T ∗Y 11 of the fiber. On
an element e, this is given by c(e) = e∗− ie, where e
∗ is the dual element in T ∗Y 11 via gY and ie is
contraction with the vector e. The chirality operator Γ = −c(e1) · · · c(e11) is a self-adjoint element
satisfying Γ2 = Id. Define the family odd signature operator SY
SY = ΓdY + dY Γ : C∞(M,ΛevC (T
∗Y 11))→ C∞(M,ΛevC (T
∗Y 11)) . (2.14)
For each point in the base space x ∈ Mmet/D corresponding to an equivalence class of metrics, the
restriction to the fiber over this point
SYx : C
∞(Y 11x ,Λ
ev
C (T
∗Y 11)|x)→ C
∞(Y 11x ,Λ
ev
C (T
∗Y 11)|x) (2.15)
is the odd signature operator for the fiber Y 11x (cf. [5]).
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The family (twisted) Dirac operator. Assume that TY 11 is Spin and form the Spin bundle
S(Y 11). Consider the twisting of the Spin bundle by the complexified tangent bundle V = TCY
11,
that is S(Y 11) ⊗ TCY
11. On this twisted bundle we have a connection ∇V and a twisted Dirac
operator DY ⊗ V =
∑11
i=1 ei∇
V
ei . As in section 2.3 above, for x ∈ Mmet/D, let ηx(D
Y ⊗ V ) be the
eta invariant corresponding to the twisted Dirac operator and consider the reduced eta invariant
ηx(D
Y ⊗ V ) = 12
(
ηx(D
Y ⊗ V ) + dimker(DY ⊗ V )x
)
, as a function on Mmet/D.
Consequences of modular invariance from elliptic genera. We will review the results of
[21] and provide an interpretation. Let T˜CY 11 = TCY
11 − dimTCY
11 be the reduced element
in K-theory of the total space K(M) corresponding to the complexified vertical tangent bundle.
Following [21], define the q-expansion
Θ2(TCY
11) =
∞⊗
n=1
Sqn(T˜CY 11)⊗
∞⊗
m=1
Λ
−qm−
1
2
(T˜CY 11) ∈ K(M)[[q
1
2 ]] . (2.16)
The local anomaly cancellation formula can be written as
{L(TY 1,∇Y )}(12) = 8
1∑
r=0
26−6r
{
Aˆ(TY 11,∇Y )ch(br(TCY
11))
}(12)
, (2.17)
where br(TCY
11) are virtual vector bundles defined by the congruence
Θ2(TCY
11) ≡
1∑
r=0
br(TCY
11)(8δ2)
3−2rεr2 mod q ·K(M)[[q
1
2 ]] . (2.18)
Here δ2 and ε2 are the modular forms written in terms of Jacobi theta functions with Fourier
expansions in q
1
2 and are given by the expressions
δ2(τ) = −
1
8
(θ41 + θ
4
3) = −
1
8
− 3q
1
2 − 3q + · · · ,
ε2(τ) =
1
16
θ41θ
4
3 = q
1
2 + 8q + · · · .
Global anomaly cancellation via the family index. We have three family operators to
consider: The Dirac operator, the twisted Dirac operator, and the odd signature operator. 5 Us-
ing [16], the family index of the odd signature operator on the oriented bundle Y 11 → M →
Mmet/D is trivial, that is, ind(S
Y ) = 0 ∈ K1(Mmet/D). Since the integral over the fiber∫
Y 11 Aˆ(TY
11,∇Y )ch(V,∇V ) represents the odd Chern character of the index ind(DY ⊗V ), then the
degree one class
[∫
Y 11 L(TY
11,∇Y )
]
is zero in de Rham cohomology. The results of Bismut-Freed
[10] [11] imply that
d{ηx(D
Y ⊗ V )} =
{∫
Y 11
Aˆ(TY 11,∇Y )ch(V,∇V )
}(1)
. (2.19)
5As we mentioned earlier, the (family) signature operator itself can be viewed as a twisted (family) Dirac operator.
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Integrating both sides of (2.17) over the fiber Y 11 gives
{∫
Y 11
L(TY 1,∇Y )
}(1)
− 8
1∑
r=0
26−6r
{∫
Y 11
Aˆ(TY 11,∇Y )ch(br(TCY
11))
}(1)
= 0 , (2.20)
so that
d{η(SY )} − 8
1∑
r=0
26−6rd{η(DY ⊗ br(TCY
11))} = 0 . (2.21)
Since Mmet/D is connected, this implies– still applying [21]– that the combination
ηtot := {η(S
Y )} − 8
1∑
r=0
26−6r{η(DY ⊗ br(TCY
11))}
= η(SY )− 8η(DY ⊗ TCY
11) + 24η(DY )
is a constant function on the base Mmet/D. Therefore, also the exponential exp(2πi ηtot) is a
constant function on the base. That is, the phase is invariant under the variation of the metric
modulo (appropriately chosen) diffeomorphisms. We interpret this as saying that there are no
global gravitational anomalies.
Remarks. 1. In the above formal proof, there was nothing special about the base being explicitly
Mmet/D. In fact, the results hold for any connected base. However, the choice we made is the one
appropriate for global anomalies in type IIB string theory.
2. In addition, no detailed knowledge about the geometry of the base is needed. However, in order
to illustrate the point, in the following sections we will include such aspects in order to describe
the details of the anomaly cancellation in relation to the physical entities involved.
3. We have left D generic for diffeomorphisms. We will be interested in diffeomorphisms which
preserve the Spin structure and/or those which preserve the quadratic refinements (the two diffeo-
morphisms are related). Again, in order to illustrate the process physically we will describe such
diffeomorphisms explicitly in section 4.
The space of Riemannian metrics and its quotients. The space Mmet of all Riemannian
metrics gX on X
10 is a contractible open cone inside the space Γ(S2T ∗X10) of symmetric rank-2
tensor fields. The group Diff+(X10) of orientation-preserving diffeomorphisms acts isometrically
on Mmet. This action is free on the subset M
noniso
met (X
10) of metrics which admit no nontrivial
isometries. See [17] for more details. If we insist on having a smooth quotient then we should use
this latter quotient for the moduli space of metrics.
Remarks. 1. The construction of the line bundle whose section is the partition function is more
involved since it is essentially Chern-Simons theory at level 12 and hence requires taking delicate
square roots (see [56] [57] [26] [7] [8] [36]).
2. For purposes of global anomalies one shows that the phase of the form e2πiϑ(x)/n is constant over
the moduli space of parameters, x. However, if e2πiϑ(x) is constant then so will be its nth roots for
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any n. 6
Having spelled out the main formal argument, we now turn to some of the details involving how
the global anomaly cancels in our setting, as well as illuminating details involving the physics, and
highlight some interesting consequences. That is, even though the global anomaly cancellation did
not care much about the details of the cancellation, it is nonetheless useful to see how the anomaly
cancels. We view this as conceptually analogous to the discussion in [32] in the case of the heterotic
string.
3 Intersection pairings in 10, 11, and 12 dimensions
We will focus on the case b5(X
10) 6= 0, so that we have nontrivial cohomology H5(X10;R). We will
also consider extensions of this in two directions. The first is to consider the lift to the mapping
torus Y 11 = (X10 × S1)f and to the bounding 12-manifold Z
12 and then study the corresponding
cohomology groups in these two other dimensions. The second extension is to consider integral
coefficients and separate the free and the torsion parts of the corresponding cohomology groups in
all three relevant dimensions. We will see that our setting will dictate preferences from the two
sets of extensions.
Identifying the intersection pairings in the relevant dimensions. Let M be a closed
oriented m-manifold. Define T k(M) := T k(M ;Z) to be the torsion subgroup of the cohomology
group Hk(M ;Z), i.e.
T k(M) = Hk(M ;Z)tors = {α ∈ H
k(M ;Z) | rx = 0 for some r ∈ Z} . (3.1)
The quotient 7 Frk(M) = Hk(M ;Z)/T k(M) is then a free abelian group. The pairing
I : H i(M ;Z)⊗Hm−i(M ;Z)→ Hm(M ;Z) = Z (3.2)
induces a nonsingular pairing of free groups
IF : Fr
i(M)⊗ Frm−i(M)→ Z . (3.3)
There is also the nonsingular torsion pairing for i 6= 0
L : T i(M)⊗ Tm+1−i(M)→ Q/Z . (3.4)
Now we would like to concentrate on the cohomology of degrees 5 and 6 and, in the closed case,
on spacetime dimensions 10 and 11; we would like to consider X10 and its mapping torus Y 11 =
(X10 × S1)f . In order to get an intersection form on middle cohomology of X
10, it is obvious that
we have to look at the pairing (3.2) or at the pairing (3.3). This identifies for us the relevant
pairings for X10.
6In using such an argument, some torsion information will be lost. Since c1(L
n) = nc1(L), it could happen that
this is zero just because c1(L) is an m-torsion class for m a divisor of n. Therefore, our arguments work best when
the Chern classes of the line bundles are not torsion. Such information requires working with K-theory, which is
beyond the scope of this paper.
7In general there is a short exact sequence 0 → T k(M) → Hk((M ;Z) → Frk(M) → 0.
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Next, for Y 11, these two pairings do not give the correct degree, but instead expression (3.4)
does, due to the shift of one in degree. Therefore, in eleven dimensions we consider the torsion
pairing
L : T 6(Y 11)⊗ T 6(Y 11)→ Q/Z . (3.5)
Of course we will also have the pairing on the free part, namely Fr5(Y 11)⊗ Fr6(Y 11)→ Z.
Next we consider manifolds with boundary. Here our main case is the bounding 12-manifold
Z12 with ∂Z12 = Y 11, the mapping torus, and the main cohomology degree is 6. The cohomology
pairing H6(Z12;Z)⊗H6(Z12, Y 11;Z)→ H12(Z12, Y 11;Z) = Z defines a nonsingular pairing of free
abelian groups Fr6(Z12)⊗ Fr6(Z12, Y 11)→ Z. Since we are not particularly interested in degree 7
cohomology, we will not consider a torsion pairing for Z12.
We would like to consider the symmetry of the relevant pairings identified above. Useful refer-
ences on bilinear and quadratic forms include [35] [52]. we will need the following notions.
Symmetry of quadratic forms over R. For ǫ = +1 or −1, an ǫ-symmetric form (V, φ) is a
finite-dimensional real vector space V together with a bilinear pairing φ : V × V → R sending
(x, y) 7→ φ(x, y) such that φ(x, y) = ǫφ(y, x) ∈ R. The form is called symmetric for ǫ = +1 and
symplectic for ǫ = −1. The pairing φ can be identified with the adjoint linear map to the dual
vector space φ : V → V ∗ = Hom(V,R) sending x to (y 7→ φ(x, y)) such that φ∗ = ǫφ. The form
(V, φ) is nonsingular if φ : V → V ∗ is an isomorphism. A Lagrangian of a nonsingular form (V, φ)
is a subspace L ⊂ V such that L = L⊥, i.e. L = {x ∈ V | φ(x, y) = 0 for all y in L}. The
hyperbolic ǫ-symmetric form is defined for any finite-dimensional real vector space L by Hǫ(L) =(
L⊕ L∗, φ =
(0 1
ǫ 0
))
, where φ : (L ⊕ L∗)× (L ⊕ L∗) → R is given by ((x, f), (y, g)) 7→ g(x) + ǫf(y)
with Lagrangian L. The inclusion L→ V of a Lagrangian in a nonsingular ǫ-symmetric form (V, φ)
extends to an isomorphism Hǫ(L)
∼=
−→ (V, φ).
The pairing on the middle cohomology of closed oriented 2k-manifolds is symmetric for k even
and antisymmetric for k odd. Therefore, in ten dimensions we will have symplectic forms corre-
sponding to ǫ = −1, and in twelve dimensions we will have symmetric forms corresponding to ǫ = 1.
The Lagrangian identifies the set of cohomology classes for which the intersection form is zero.
The cohomology of the pair (Z12, Y 11) gives the following diagram, which summarizes the
relations between the various cohomology groups we are considering
T 6(Z12, Y 11)
j
//

T 6(Z12)
i //

T 6(Y 11)
δ //

T 7(Z12, Y 11)

H5(Y 11;Z)
δ∗ //

H6(Z12, Y 11;Z)
j∗
//

H6(Z12;Z)
i∗ //

H6(Y 11;Z)
δ∗ //

H7(Z12;Z)

Fr5(Y 11)

δ // Fr6(Z12, Y 11)
j
//

Fr6(Z12)

i // Fr6(Y 11)
δ //

Fr7(Z12)
0 0 0 0
. (3.6)
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The maps i and δ are adjoints of each other, and so are the maps i and δ, with respect to the
pairings that we define in the following sections. We will study the cases in ten, eleven, and twelve
dimensions in more detail.
3.1 Middle cohomology of closed 10-manifolds
We now consider the degree five cohomology, as appropriate for the 5-form in type IIB string theory
on X10.
The antisymmetric form over R of a closed 10-dimensional manifold. Consider a closed
oriented 10-manifold X10 with (co)homology with real coefficients. In this case the intersection
form φX is defined using the fundamental class [X
10] ∈ H10(X
10;R) and is given by
φX : (x, y) 7→ 〈x ∪ y, [X
10]〉 , for x, y ∈ H5(X10;R) . (3.7)
The fact that X10 is closed implies that the intersection form φX is nonsingular.
Classification of symplectic forms over R. It is natural to ask what possible intersection
pairings on X10 can occur. These are characterized as follows
1. Every symplectic form (V, φ) over R is isomorphic to H−(Rp)⊕
⊕
r(R, 0) with 2p+r = dimR V .
This form is nonsingular if and only if r = 0.
2. Two forms are isomorphic if and only if they have the same p and r.
3. Every nonsingular symplectic form (V, φ) admits a Lagrangian (as can be shown by induction
on dimR V ). This implies that there are always cohomology classes whose pairing with every
other class is zero.
Example 1. The intersection form of X10 = S5 × S5, the product of two 5-spheres, is the
hyperbolic form H−(R) =
( 0 1
−1 0
)
. This example corresponds to p = 1 and r = 0 in the above
classification.
Let Q be the intersection form over Z and let b5 = dimH5(X10;R). Then there exist b5 × b5
matrices A and B over Z for which ATBA = Ib5 is the identity matrix. Therefore, detQ = ±1. The
free abelian group H5(X10;Z)/T 5, where T 5 is the torsion subgroup of the integral cohomology
group H5(X10;Z), has a basis {x1, · · · , xb5} such that xi ∪xj = δijΛ, where Λ is a generator of the
group H10(X10;Z).
3.2 Intersection pairing on twelve-manifolds with boundary
The main operator we consider in the 12-dimensional case is the signature operator S. We now
provide the setting and recall some of the basic properties that are relevant to our problem, ex-
panding on the remarks at the beginning of Section 3. For more background and details see Ref.
[25] for the closed case and Ref. [5] for the case with boundary.
Let Z12 be a compact oriented twelve-manifold. Let [ω1] and [ω2] be elements of the middle
cohomology group H6(Z12;Z). The Hodge ∗-operator satisfies ∗2 = 1 when acting on a 6-form in
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a twelve-manifold Z12, and hence ∗ has eigenvalues ±1. The signature can be identified with the
signature of the intersection pairing on H6(Z;R); if we represent cohomology classes x and y by
closed forms α and β then the intersection pairing is 〈x, y〉 =
∫
Z α∧ β. Comparing with
∫
Z α∧ ∗β,
the L2-inner product of α and β, we see that the intersection pairing is positive definite on the
+1-eigenspace of ∗ and negative definite on the −1-eigenspace. Indeed, consider the bilinear form
on middle cohomology φZ : H
6(Z12;R)×H6(Z12;R)→ R, defined by φ([ω1], [ω2]) :=
∫
Z12 ω1 ∧ ω2.
This has the following properties
1. φZ is a b6 × b6 symmetric matrix, where b6 = dimH
6(Z12;R).
2. φZ is nondegenerate since φ([α], [β]) = 0 for an [α] ∈ H
6(Z12;R) implies [β] = 0.
3. The definition of φZ is independent on the representatives of [ω1] and [ω2].
4. Poincare´ duality implies that φZ has maximal rank.
5. On Z12, φZ has real eigenvalues, b
+
6 of which are positive and b
−
6 of which are negative, with
b+6 + b
−
6 = b6. The Hirzebruch signature is defined as σ(Z
12) := b+6 − b
−
6 .
Let Harm6(Z12) be the set of harmonic 6-forms on Z12. Note that Harm6(Z12) ∼= H6(Z12;R)
and each element of H6(Z12;R) has a unique harmonic representative. There is a corresponding
splitting of Harm6(Z12) into ±1-eigenspaces Harm6(Z12) = Harm6+(Z
12) ⊕ Harm6−(Z
12), which
block-diagonalizes σ; indeed for ω±6 ∈ Harm
6
±(Z
12), φZ(ω
+
6 , ω
+
6 ) =
∫
Z12 ω
+
6 ∧ω
+
6 =
∫
Z12 ω
+
6 ∧∗ω
+
6 =
(w+6 , ω
+
6 ) > 0, where (ω
+
6 , ω
+
6 ) is the standard positive definite inner product on differential forms.
Similarly, φZ(ω
−
6 , ω
−
6 ) = −
∫
Z12 ω
−
6 ∧ ∗ω
−
6 = −(ω
−
6 , ω
−
6 ) < 0, and φZ(ω
+
6 , ω
−
6 ) = −
∫
Z12 ω
+
6 ∧ ∗ω
−
6 =
−
∫
Z12 w
−
6 ∧ ∗w
+
6 = −(ω
−
6 , ω
−
6 ) = 0. Hence φZ is block-diagonal with respect to Harm
6
+(Z
12)⊕
Harm6−(Z
12). Moreover, b±6 = dimRHarm
6
±(Z
12). Now σ(Z12) is expressed as
σ(Z12) = dimHarm6+(Z
12)− dimHarm6−(Z
12) . (3.8)
Example 2: Ka¨hler manifolds. If a compact Ka¨hler manifold Z is of even complex dimen-
sion, e.g. 6, then the intersection pairing on the middle cohomology is of the form sign(Z) =∑6
p,q=0(−1)
php,q(Z), where hp,q(Z) := dimHp,q(Z) are the Hodge numbers.
The signature index theorem. Poincare´ duality shows that the Euler characteristic is given
by χ(Z12) = b6 mod 2, so that σ(Z
12) = χ(Z12) mod 2. Consider the operator S := d + d† =
d + ∗d∗. Since the (Hodge) Laplacian ∆ = S2 is self-dual on Ω∗(Z12), the index of ∆ vanishes
identically. Also, S is self-adjoint, S = S†, on forms Ω∗(Z12) and so ind(S) = 0 as well. However,
a nontrivial complex is obtained when restricting S to even forms; Sev : Ωev(Z12)C → Ωodd(Z12)C,
where Ωev(Z12)C :=
⊕
iΩ
2i(Z12)C and Ωodd(Z12)C :=
⊕
iΩ
2i+1(Z12)C. The adjoint operator is
Sodd := Sev† : Ωodd(Z12)C → Ωev(Z12)C. Then the corresponding kernels are given by even and
odd harmonic forms ker(Sev) = ⊕Harm2i(Z12), ker(Sodd) = ⊕Harm2i+1(Z12), respectively. As a
result, the index calculates the Euler characteristic
ind(Sev) = dimker(Sev)− dimker(Sodd) = χ(Z12) . (3.9)
For a complex-valued r-form ω ∈ Ωr(Z12)C, application of the Hodge operator twice gives ∗ ∗ ω =
(−1)rω. Define a square root via the operator π : Ωr(Z12)C → Ω12−r(Z12)C given by π := ir(r−1)+6∗
and which anticommutes with S, {π,S} = πS+Sπ = 0. Let π act on Ω∗(Z12)C = Ωr(Z12)C. Since
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π2 = 1, the eigenvalues of π are ±1. This gives a decomposition of Ω∗(Z12)C into the ±1-eigenspaces
Ω±(Z12) of π as Ω∗(Z12)C = Ω+(Z12) ⊕ Ω−(Z12). Since S anticommutes with π, the restriction
of S to Ω+(Z12) defines the signature complex S+ : Ω
+(Z12) → Ω−(Z12), where S+ := S|Ω+(Z12).
The index of the signature complex is
indS+ = dimker(S+)− dimker(S−)
= dimHarm(Z12)+ − dimHarm(Z12)− ,
where S− := S
+† : Ω−(Z12)→ Ω+(Z12) and Harm(Z12)± := {ω ∈ Ω±(Z12) | S±ω = 0}. Note that
Harm6(Z12)± = Harm6±(Z
12) since π = ∗ in Harm6(Z12). The index theorem is [25]
indS+ = σ(Z
12) =
∫
Z12
[
L(TZ12)
]
(12)
. (3.10)
Classification of symmetric forms over R. As in the antisymmetric 10-dimensional case, it
is natural to ask which possible intersection forms might arise in the 12-dimensional case. These
can be characterized as follows:
1. Every symmetric form (V, φ) is isomorphic to the direct sum
⊕
p(R, 1)⊕
⊕
q(R,−1)⊕
⊕
r(R, 0)
with p+ q + r = dimR V . The form (V, φ) is nonsingular if and only if r = 0.
2. Two forms are isomorphic if and only if they have the same nonnegaitve integers p, q, and r.
3. The signature or index of (V, φ) is σ(V, φ) = p− q ∈ Z.
4. The following three conditions on a nonsingular forms (V, φ) are equivalent
(a) σ(V, φ) = 0, that is p = q (split signature).
(b) (V, φ) admits a Lagrangian L.
(c) (V, φ) is isomorphic to
⊕
p(R, 1) ⊕
⊕
p(R,−1)
∼= H+(Rp).
Example 3. The intersection form of the product of two 6-spheres, Z12 = S6 × S6, is the
symmetric hyperbolic form (H6(S6 × S6;R), φZ) = H+(R) =
(
R⊕ R,
(0 1
1 0
))
. Consequently, the
signature is σ(S6 × S6) = σ(H(R)) = 0. This corresponds to the values p = 2, q = 0, and r = 0, in
the above classification.
The APS index for the case when Z12 has nonempty boundary. Consider the signature
operator S on the 12-manifold Z12 when ∂Z12 = Y 11 is nonempty. In this case, in addition to the
Hirzebruch L-genus, one gets the corresponding eta invariant via the APS index theorem [5]
ind(S+) =
∫
Z12
[
L(TZ12)
]
(12)
− ηS . (3.11)
Unlike the characteristic form L, the invariant ηS is an analytic invariant. However, there are
geometric ways of calculating this invariant without full knowledge of the spectrum of the operator
(see [45] for a recent review in the related context of M-theory).
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The symmetric form of a 12-manifold with boundary over R. Consider an oriented 12-
dimensional manifold Z12 with boundary ∂Z = Y 11 with (co)homology taken with real coefficients.
The intersection form of (Z12, Y 11) is the symmetric form given by the evaluation of the cup product
on the fundamental class [Z12] ∈ H12(Z
12, Y 11;R),
φZ : (x, y) 7→ 〈x ∪ y, [Z
12]〉 for x, y ∈ H6(Z12, Y 11;R) . (3.12)
Poincare´ duality and the universal coefficient theorem imply the relation between homology and
cohomology in degree six
H6(Z12, Y 11;R) ∼= H6(Z
12;R) , H6(Z12, Y 11;R) ∼= H6(Z
12, Y 11)∗ . (3.13)
These groups fit into an exact sequence
· · · → H6(Y
11;R)→ H6(Z
12;R)
φZ−→ H6(Z
12, Y 11;R)→ H5(Y
11;R)→ · · · . (3.14)
The isomorphism class of the intersection form is a homotopy invariant of (Z12, Y 11).
Example 4. Take Z12 = D6×S6. This manifold has a boundary ∂Z = Y 11 = S5×S6, and then
from the above relations we have H6(D6 × S6, S5 × S6;R) ∼= H6(D6 × S6;R), as expected.
Next we consider more fully the relation between homology and cohomology in our context in
the two other relevant dimensions, i.e. dimensions ten and eleven.
3.3 Cohomology vs. homology
For the purpose of connecting to geometry, and in particular for considering the action of the diffeo-
morphism group, it will be more convenient to work with homology rather than with cohomology.
In this section we study how relevant properties of one group get translated to the other. We make
use of basic properties that can be found e.g. in [42]. The 12-dimensional case was considered
towards the end of the previous section, so we concentrate on the 10-dimensional case and also
briefly on the 11-dimensional case.
(Co)homology as a module V over a field. Let M2n be a closed oriented manifold and F an
arbitrary field. Then Hn(M
2n;F) is an inner product space over F, using the intersection number
as inner product. The latter is either symmetric (for n even) or antisymmetric (for n odd). Two
cases are of particular interest to us:
1. For F = Z2, mod 2 coefficients: If x, y ∈ Hn(M2n;Z2) the intersection number is symmetric
φ∗M (x, y) = φ
∗
M (y, x) ∈ Z2. Poincare´ duality implies that the homology Hn(M
2n;Z2) is an inner
product space over Z2.
2. For F = Z, integral coefficients: The Z-module Frn(M2n) = Hn(M2n;Z)/{torsion subgroup} is
an inner product space over Z.
We start with ten dimensions.
18
Dimension of homology. The matrix of the intersection form of the manifold X10 is antisym-
metric, and hence of even rank. Since the matrix is nondegenerate, the rank should be equal to
dimH5(X
10;R). Therefore, this dimension is even. In fact, this also follows from the fact that the
Euler characteristic χ(X10) is even and that it has the same mod 2 value as the dimension of the
middle cohomology.
Intersection pairings. Let X10 be a closed oriented 10-manifold. The intersection pairing on
homology φ∗X : Hi(X
10) ⊗H10−i(X
10) → Z is given by φ∗X(α, β) = 〈PD
−1(α), β〉, where PD−1 is
the inverse of the Poincare´ duality isomorphism. Consider the restriction of φ∗X to the free module
Fr5(X
10) = H5(X
10;Z)/Torsion. If we choose a basis for Fr5(X10) then the intersection pairing
is represented by an antisymmetric matrix whose determinant is ±1, i.e. is a unimodular matrix.
Such a pairing is called perfect.
We will concentrate on the case i = 5 and work with more general coefficients. Let F be any field.
On the space H5(X10;F) we have seen that there is the bilinear form φX(x, y) = 〈x ∪ y, [X10]〉,
where [X10] is the fundamental class in H10(X
10;F). For the opposite orientation on X10, i.e.
taking −X10, the fundamental class changes sign [−X10] = −[X10]. Therefore, the bilinear form
φX changes sign as well: φ−X = φX , where φ−X is the bilinear form for −X
10. On the dual space
H5(X
10;F) there is the dual form φ∗X(α, β) = 〈〈α, β〉〉, the intersection number. This also depends
on the orientation as in the case for cohomology.
Relating integral homology and cohomology. The universal coefficient theorem relates the
homology groups H5(X
10;R) ∼= H5(X10;Z) ⊗ R ∼=
(
H5(X
10;Z)/T5
)
⊗ R. Let us consider this in
more generality. Let Tk(M) denote the torsion submodule of Hk(M ;Z), i.e.
Tk(M) = Hk(M ;Z)tors = {α ∈ Hk(M ;Z) | rx = 0 for some r ∈ Z} . (3.15)
Choose a complement Frk(M) of Tk(M) in Hk(M ;Z), i.e. a free submodule of Hk(M ;Z) so that
Hk(M ;Z) ∼= Frk(M) ⊕ Tk(M). Applying the universal coefficient theorem with G = Z gives the
(noncanonical) isomorphisms
Hk(M ;Z) ∼= Frk(M)⊕ Tk−1(M) . (3.16)
Note that the integral cohomology not only depends on on the free part of the homology in that
degree but also, interestingly, on the torsion shifted down by one degree. We will make use of this
in section 4.
Now if we take M to be an oriented m-manifold, then there is the Poincare´ duality isomorphism
Hk(M ;Z) ∼= Hm−k(M ;Z). Combining with the above symmetries gives the isomorphisms
Frk(M) ∼= Frm−k(M) , Tk(M) ∼= Tm−k−1(M) . (3.17)
Hence, for m = 10, k = 5 we have the cohomology in terms of homology relation for X10
H5(X10;Z) ∼= Fr5(X
10)⊕ T4(X
10) . (3.18)
Therefore, we observe that if H4(X
10;Z)tors = 0 then middle integral cohomology is isomorphic to
the free part of the integral middle homology. If this happens then there would be no torsion (p, q)
D3-branes. In the presence of such branes, however, one has to deal with torsion 4-cycles.
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Example 5: Torsion in homology of degree four. In light of equation (3.18), we need to
get some idea about the torsion T4(X
10) in H4(X
10;Z). Alternatively, we can look at H4(X10;Zp),
that is degree-four homology with coefficients in the cyclic group Zp for p a prime. If H4(X10;Z)
and H3(X
10;Z) are both finitely generated, e.g. if we take them of the form
H4(X
10;Z) ⊃ a(Z)⊕ b(Zpk) , H3(X
10;Z) ⊃ c(Z)⊕ d(Zpk) , k ≥ 1 , (3.19)
then the universal coefficient theorem can be used (see [22]) to show that
H4(X
10;Zp) ∼= (a+ b+ d)Zp . (3.20)
Torsion and intersection forms. As we saw above, the bilinear forms φX and φ
∗
X can be
defined not only over a field F but also over the ring Z. In this case, Hn(X10) must be replaced by
the free abelian group H5(X
10;Z)/T5, where T5 is the torsion subgroup, because the intersection
form vanishes on elements of finite order. The elements of finite order do not affect the intersection
numbers: if α, β ∈ C5(X
10;Z) and rα, sβ ∈ C5(X10;R) are cycles, then the intersection forms are
related as 〈〈rα, sβ〉〉 = rs〈〈α, β〉〉. Therefore, the intersection forms over R and Z have the same
matrix. This implies, in particular, that H5(X
10;R) has a basis in which the intersection form
has integer coefficients. The significance of this for us is that torsion in ten dimensions will not
need to be considered. In fact, later when studying diffeomorphisms we will assume H5(X
10;Z) to
be torsion-free, i.e. T5(X
10) = 0. However, we will see that is far from being the case in eleven
dimensions.
3.4 Quadratic forms and their refinements
In this section we will consider quadratic refinements of the intersection forms that we encountered
in the previous sections, mainly in Section 3.1 and Section 3.2. We start with the motivation and
the go through a more detailed (and formal) description.
Quadratic functions from type IIB. The construction of the partition function for the self-
dual 5-form field in type IIB string theory requires the existence of a function Ω(x) from H5(X10;Z)
to the group Z2 = {±1} ⊂ U(1) obeying, for all x, y ∈ H5(X10;Z), the relation [57]
Ω(x+ y) = Ω(x)Ω(y)(−1)x·y , (3.21)
where x · y is the intersection pairing
∫
X10 x ∪ y. Furthermore, if we write Ω(x) = (−1)
h(x), then
the mod 2 number h(x) is given by h(x) =
∫
Z12 z ∪ z, where z is a degree six cohomology class
in H6(Z12;Z), extending x, with Z12 the bounding Spin 12-manifold of the extension Y 11 of X10
by a circle. When Z12 is Spin, h(x) is always even, so that there is no refinement, and hence no
ambiguities in the partition function. However, Witten points out that it is more convenient to take
Z12 to be only oriented and not necessarily Spin. In this case, h(x) is no longer necessarily well-
defined mod 2, and the remedy for this is to replace the expression for h(x) by
∫
Z12(z ∪ z+ v6 ∪ z),
which is always even. Here v6 is the 6th Wu class of Z
12 (see section 3.6 and section 3.7). If z
is taken to be a pull back from Y 11 = ∂Z12 then z ∪ z vanishes for dimensional reasons near the
boundary, and the second summand also vanishes near the boundary because of the Spin condition
w2 = 0 there. This is put on firm mathematical ground by Hopkins and Singer [26].
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Remarks. We state a few comments to help us proceed with the discussion.
1. The function Ω(x) above is written multiplicatively, i.e. using multiplication instead of addition.
We note that when written additively, it coincides with the usual quadratic function, with the rule
q(x+ y) = q(x) + q(y) + φX(x, y) (3.22)
replacing (3.21), and with Ω replaced by q.
2. The above analysis for the partition function requires a circle bundle, an instance of which is
the product Y 11 = X10 × S1. In comparison to our setting, this corresponds to the special case of
the mapping torus with identity diffeomorphism.
3. We will generally work with Wu-oriented manifolds.
4. We will consider the relationship between classes on Z12, classes on Y 11 and classes on X10.
This will be done both for ‘general’ classes such as z as well as ‘specific’ classes such as the Wu
class v6.
5. In Ref. [7] an approach was taken by looking at the bounding 11-manifold to X10 in order to
study the partition function of the self-dual theory. There, a choice of solution Ω is referred to as
a choice of QRIF (Quadratic Refinement of the Intersection Form). What we do here instead is a
Chern-Simons construction in the sense of circle bundle then bounding.
Quadratic and bilinear forms. Let V be a finite-dimensional vector space over a field F. A
quadratic form on V is a map q : V → F satisfying
1. Homogeneity in degree two: q(ax) = a2q(x) for all x in V and a in F.
2. Polar identity: The map ϕq : V × V → F, defined by ϕq(x, y) = q(x + y) − q(x) − q(y), is a
bilinear form. This is called the polar form of q. Note that if F has characteristic 2 then the polar
form is automatically symmetric.
The above relation in the second property can be ‘inverted’ to give q in terms of ϕ. We start with
a bilinear form ϕ : V × V → F is a bilinear form, and let qϕ : V → F be defined by qϕ(x) = ϕ(x, x)
for all x in V . Then qϕ is a quadratic form with polar form ϕqϕ = ϕ+ ϕ
T .
Working in a basis. Let B = {e1, · · · , en} be an ordered basis for V . Then elements x, y in V
have coordinate components x = (x1, · · · , xn), y = (y1, · · · , yn) in the basis B, and the bilinear
form in this basis is
ϕ(x, y) = ϕ(x1e1 + · · · xnen, y1e1 + · · ·+ ynen) =
∑
i,j
ϕ(ei, ej)xixi . (3.23)
Then the matrix [ϕ]B := (ϕ(ei, ej)) on a given ordered basis completely determines the bilinear
form. Consequently, in matrix notation, we write ϕ(x, y) = [x]T [ϕ]B [y]. Two bilinear forms ϕ and
ϕ′ are isomorphic if and only if [ϕ′]B = A[ϕ]BA
T for some matrix A ∈ GL(n,Z).
Symmetric bilinear forms. If ϕ is a symmetric bilinear form then the quadratic form associated
to ϕ is the function q : V → Z defined by q(x) = ϕ(x, x). A bilinear form over Z is called even (or
type II) if ϕ(x, x) is even for all x in V . Since ϕ(x + y, x + y) = ϕ(x, x) + ϕ(y, y) + 2ϕ(x, y), the
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bilinear form is even if and only if all elements on the diagonal, in the matrix description, are even.
Note that, except in the case of characteristic 2, there is always an ordered basis for V in which ϕ
is represented by a diagonal matrix. A symmetric basis for q, or ϕq, is a basis e1, · · · , en such that
the associated matrix ϕq(ei, ej) has the generalized symmetric hyperbolic form H+ =
(
0 I
I 0
)
.
Example 6. Let a, b ∈ F. Consider the 2-dimensional quadratic form on F×F given by q(x, y) =
ax2 + xy + by2. The corresponding matrix for q in the standard basis is A =
(a 1
0 b
)
, while the
corresponding matrix for the polar form ϕq is
(2a 1
1 2b
)
= A+AT .
Isotropic bilinear forms. A bilinear form ϕ : V × V → F is isotropic if ϕ(x, x) = 0 for all x in
V . Note that ϕ(x, y)+ϕ(y, x) = ϕ(x+y, x+y)−ϕ(x, x)−ϕ(y, y) = 0, so that every isotropic form
is antisymmetric. The converse is not true in general. However, for F = Z2, the converse holds
since having ϕ(x, x) = −ϕ(x, x) implies that ϕ(x, x) = 0. In fact, if F = Z2 the bilinear form ϕ is
necessarily isotropic and it is always the case that V possesses a symmetric basis. The first part of
the fact can be seen from ϕq(x, x) = q(2x) − 2q(x) = 0, since 2x = 0 ∈ V and 2q(x) = 0 ∈ Z2.
3.5 Quadratic forms on homology over Z2 and Q/Z and the Arf invariant
We have seen (cf. expression (3.21)) that the quadratic functions in type IIB string theory in ten
dimensions take values in Z2. On the other hand, in eleven dimensions the relevant forms take
values in Q/Z (cf. expression (3.5)). In this section we provide further characterization of such
forms.
We consider a 10-dimensional Spin manifoldX10 and form the mapping torus Y 11 = (X10×S1)f ,
which is an 11-dimensional Spin manifold. Then we form the bounding twelve-dimensional manifold
Z12. We will consider the middle-dimensional homology of X10 and study the corresponding ‘lifts’
to Y 11 and to Z12. We will also investigate what happens to the intersection pairing in the process.
This is a homological analog of the discussion in Section 3.1 and Section 3.2.
3.5.1 Quadratic forms in ten dimensions
Consider X10, a closed Spin 10-manifold. Poincare´ duality on homology with Z2 coefficients gives
a nonsingular symmetric (since over Z2) bilinear pairing
φ∗X : H5(X
10;Z2)⊗H5(X
10;Z2)→ Z2 . (3.24)
Using the construction in Ref. [12] we can define a quadratic refinement q : H5(X
10;Z2) → Z2
of the Z2-intersection pairing φ∗X which is essentially unique. Hence we can associate to each
Spin manifold (X10, ω), with Spin structure ω, the Arf invariant Arf(q) of q called the generalized
Kervaire invariant.
The Arf invariant. Let αi, βi, for i = 1, · · · , n, be a symmetric basis for q, i.e.
ϕq(αi, βi) = δij , ϕq(αi, αj) = ϕq(βi, βj) = 0 . (3.25)
Then the Arf invariant is defined as
Aq =
n∑
i=1
q(αi)q(βi) ∈ Z2 . (3.26)
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If B = {e1, · · · , en} is a basis for the vector space V , then any matrix M such that q(x) = x
TMx
is called a matrix of q with respect to B. There is more than one possibility for the matrix M , but
in the upper triangular form it is uniquely determined and given by the normal form M = (mij)
with entries mij equal to q(ei) for i = j, to ϕq(ei, ej) for i < j (above the diagonal), and to 0
otherwise; that is we have the block-diagonal formM =
(
A In
On B
)
, where A = diag(q(α1), · · · , q(αn)),
B = diag(q(β1), · · · , q(βn)), In is the n× n identity matrix, and On is the n× n zero matrix. The
Arf invariant can then be read off as Aq = trace(AB). For any other matrix of q in this same basis,
say
(
A′ C
D B′
)
, we have trace(AB) = trace(A′B′) so that the Arf invariant can indeed be read from
any matrix of q in a symplectic basis.
Example 7: V = Z2⊕Z2. Let H+ be the hyperbolic space with matrix
(
0 1
1 0
)
on the basis (α, β).
There are two quadratic forms qi : Z2 ⊕ Z2 → Z2, compatible with this bilinear form defined over
Z2, given by
H0 : q0(α) = q0(β) = 0 ,
H1 : q1(α) = q1(β) = 1 .
The two are manifestly not equivalent as quadratic forms. The vector space Z2 ⊕ Z2 has only
three nontrivial elements and is generated by any two of them. Any change of basis B = {α, β} to
B′ = {α′, β′} the relations α′ = α, β′ = α′ + β′ hold after a possible change in the order of α and
β. The new basis is still symplectic and the Arf invariant in this basis is Aq = q(α
′)q(β′). Using
the transformation and the fact that q(α + β) = ϕ(α + β) + q(α) + q(β) and ϕ(α, β) = 1, the Arf
invariant takes the form Aq = q(α) + [q(α)]
2 + q(α)q(β). Now q(α) + [q(α)]2 = 2q(α) = 0 in Z2
so that Aq = q(α)q(β), demonstrating that indeed the Arf invariant is well-defined for forms on
Z2 ⊕ Z2. Since AH0 = 0 and AH1 = 1 and these are the only quadratic forms in two dimensions,
this shows that the Arf invariant completely classifies quadratic forms in dimension two. This is
not the case when the dimension of the vector space, i.e. the rank of the middle cohomology, is
greater than two.
Consequence of H5(X
10;Z) being torsion-free. We will be interested in considering the case
when H5(X
10;Z) is torsion-free. Then by Poincare´ duality the homology group H4(X10;Z) would
also be torsion-free. The universal coefficient theorem for homology Hn(M ;G) ∼= Hn(M ;Z)⊗G⊕
Tor(Hn−1(M ;Z), G) implies forM = X10, G = Z2 and n = 5, the isomorphismH5(X10;Z)⊗Z2
∼=
−→
H5(X
10;Z2), under which the intersection pairing φX induces a Z2-intersection pairing φX (mod
2). In particular, a quadratic refinement of this Z2-intersection pairing may be identified with a
map q : H5(X
10;Z)→ Z2 such that, for all x, y in H5(X10;Z),
q(x+ y)− q(x)− q(y) = φ∗X(x, y) (mod 2) . (3.27)
3.5.2 Quadratic forms in eleven dimensions
Consider the mapping torus (Y 11, ω′), a compact Spin 11-manifold with Spin structure ω′. Consider
the torsion subgroup T5(Y
11) of the homology groupH5(Y
11;Z). Then we have a symmetric bilinear
pairing, a homological counterpart of the cohomological pairing (3.5),
L : T5(Y
11)⊗ T5(Y
11)→ Q/Z (3.28)
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called the linking pairing, defined as follows. Given two classes y1, y2 in T5(Y
11), we represent them
respectively by cycles ζ1 and ζ2. Since these are torsion classes, there exists an integer n such that
n · ζ1 is the boundary of a 6-chain ξ, that is ∂ξ = n · ζ1. Define L(y1, y2) by the formula
L(y1, y2) =
(
1
n
)
· (intersection number of ξ and ζ2) . (3.29)
Poincare´ duality and the universal coefficient theorem imply that this symmetric pairing L is
nonsingular. Corresponding to this pairing L there is, via the general construction of Ref. [13], the
following quadratic refinement
QL : T5(Y
11)→ Q/Z . (3.30)
The generalized Arf invariant of (Y 11, ω′) is defined by
Arf(Y 11, ω′) = A(QL) (3.31)
i.e. as the Arf invariant of the quadratic refinement QL. We will consider this invariant in the
context of diffeomorphisms in section 4.
3.6 Characteristic vectors and signature modulo 8
In this section we provide an algebraic description of the signature modulo 8 appearing in equation
(2.4), the formula for the global anomaly. The corresponding geometric aspects, together with the
action of diffeomorphisms, will be discussed in section 4.
We will need the following definition. Let V be a vector space over Z. An element v ∈ V is
called characteristic if v · x ≡ x · x (mod 2) for every x in V .
In a basis, the definition of a characteristic is equivalent to the system of congruences
∑n
j=1 aijvj ≡
aii mod 2, for i = 1, · · · , n, where (aij) is the matrix representing the bilinear form ϕ in the
given basis. We can always find a characteristic by considering the stronger system of equa-
tions
∑
ij aijvj = aii, for i = 1, · · · , n. This system will always have an integral solution since
det(aij) = ±1, and this solution is certainly a solution to the original congruence.
Existence of a characteristic element. From a vector space V over Z we can form the induced
vector space V ⊗Z2 over Z2. Let x denote the image in V ⊗Z2 of the element x in V (that is, mod 2
reduction). Then the inner product x ·y in V gives rise to a Z2-valued inner product x ·y ={residue
class of x · y mod 2} on V ⊗ Z2. Since the function V ⊗ Z2 → Z2, given by x 7→ x · x, is Z2-linear
there is a unique element v ∈ V ⊗ Z2 which satisfies the equation v · x = x · x for all x. Then the
desired characteristic element is simply any preimage v in V . Therefore, every vector space over Z
possesses a characteristic element.
Uniqueness of a characteristic element and the signature. For any symmetric unimodular
bilinear form on a lattice Λ (i.e. a finite abelian group), let 〈 , 〉 be a symmetric unimodular
pairing. Then all characteristic vectors in Λ have the same square modulo 8 and they are all
equivalent modulo 2. Such a square is congruent to the signature modulo 8. If v′ is another
characteristic element for V then, by uniqueness of the mod 2 reduction, v′ is necessarily of the
form v′ = v + 2x. Now the inner product in Z of the new vector is v′ · v′ = v · v + 4(v · x+ x · v),
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which, upon using the definition of a characteristic element, is congruent to v · v (mod 8). Hence
the residue class of v · v modulo 8 is an invariant of the vector space V . This invariant is additive
with respect to direct sums. Now, for p plus entries and q minus entries, the signature is σ = p− q.
Then if we form the orthogonal sum of p copies of the inner product space 〈1〉 and q copies of the
inner product space 〈−1〉 and use the fact that v · v is congruent mod 8 to 1 and -1, respectively,
on 〈1〉 and 〈−1〉, we get that v · v ≡ σ(V ) (mod 8). This is called van der Blij’s lemma, and gives
an algebraic understanding of expression (2.4). For more arithmetic details, see Ref. [51].
Remarks. 1. Constraints implied by the characteristic element. When v is a characteristic
element then it can be checked that the determinant and the rank of the bilinear form ϕ are
constrained by
rankϕ+ detϕ ≡ ϕ(v, v) + 1 mod 4 . (3.32)
In particular, if ϕ is unimodular then the rank of ϕ is given by the value mod 4 of that bilinear
form at the characteristic element. More general statements will be given in section 4.2.
2. When the characteristic can be set to zero. For type II inner product spaces, we can safely set
v = 0. In this case, the signature is divisible by 8, so that 18σ(V ) is an integer.
Insight from the partition function. In [56] [57] the partition function of the M5-brane was
outlined. This was put on firm mathematical ground in [26]. Constructing the partition function
uses the fact that on an 8-manifold M8 the expression
1
8
∫
M8
(λ2 − L(M8)) (3.33)
is an integer, where λ is the integral lift of the Wu class v4. As we saw above, this has an algebraic
explanation: the square of the norm of a characteristic element of a non-degenerate symmetric
bilinear form over Z is always congruent to the signature mod 8. For manifolds of dimension 4k,
the characteristic elements for the intersection pairing in the middle dimension are the integer
lifts λ of the Wu class v2k. The expression (3.33) is then an integer, and its variation under to
λ 7→ λ + 2x gives a quadratic refinement of the intersection pairing. There are a lot of structural
similarities between the M5-brane and type IIB string theory. The Chern-Simons construction for
the partition function type IIB string theory amounts to forming a circle bundle and then going
to the bounding manifold and constructing the corresponding line bundle over the intermediate
Jacobian. This construction for type IIB string theory requires the vanishing of the Spin cobordism
group ΩSpin11 (K(Z, 6)) of the Eilenberg-MacLane space K(Z, 6) representing the type IIB field in
degree five, conjectured to be the case in [56]. Witten’s conjecture is proved by Igor Kriz and the
author in [30], thus allowing the applicability of the Hopkins-Singer construction to type IIB string
theory. Indeed, the 12-dimensional version of expression (3.33) was assumed in [7] to describe the
Chern-Simons action in type IIB string theory. This is also the basis of our discussion on the
antisymmetric tensor field. Note that self-duality was not an issue in arriving at the construction
for the M5-brane [56] [26], and hence we follow that line of thought for type IIB string theory.
For the Chern-Simons construction in type IIB, we need to consider the 6th Wu class v6 on the
12-dimensional extension. One might wonder what will happen to the 5th Wu class on X10 itself.
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The fifth Wu class. Assuming that H4(X
10) has no 2-torsion (cf. Section 3.3), then the Wu
class v5 vanishes if and only if there is a matrix representative for the intersection pairing so that
all the diagonal entries are even. This happens if and only if every matrix representative for the
intersection pairing has even diagonal entries. In fact, by the Wu formula, the odd degree class v5
is a composite class each of whose summands involves the first Stiefel-Whitney class w1; since we
are dealing with oriented manifolds, v5 will always be zero in the situations we consider.
3.7 Wu Structure via Spin structures
The study of Wu structures can be done in a very general setting with minimal topological structure
and without the need for any geometry. Consider the topological space BSO[v6] over BSO, the
classifying space for the stable orthogonal group, with fiber the Eilenberg-MacLane space K(Z2, 5)
K(Z2, 5)
= //

K(Z2, 5)

BSO[v6] //
π

EK(Z2, 6)

BSO
k // K(Z2, 6)
. (3.34)
The k-invariant of this fibration is an element v6 in the cohomology H
6(BSO;Z2) defined by
the 6th Wu class of the universal bundle ξ over BSO. A Wu structure on X10 means a lifting
ν˜ : X10 → BSO[v6] of the classifying map ν : X
10 → BSO from BSO to the connected cover
BSO[v6], that is there is a diagram
BSO[v6]
π

X10
ν //
ν˜
66
m
m
m
m
m
m
m
BSO
(3.35)
such that π ◦ ν˜ = ν.
Let η be a vector bundle over our 10-manifold X10 with vanishing first and second Stiefel-
Whiteny classes w1(η) = w2(η) = 0. Then by the Adem relations, the Wu class v6(η) is always
zero. Therefore, a Spin structure leads to a Wu structure. The situation is summarized in the
following diagram
BSO[v6]
π

X10
33f
f
f
f
f
f
f
f
f
f
f
f
f
f
f //
ν
33BSpin //
r˜
66
l
l
l
l
l
l
l
l
l
l
l
l
l
BSO
(3.36)
The possible lifts r˜ are classified by H5(BSpin;Z2), which is zero. Therefore, there is a unique lift
and hence each Spin structure uniquely determines a Wu structure.
Note that the Wu formula and Poincare´ duality imply that the Wu class v6 will vanish on all
Spin 10-manifolds. Similarly this holds in eleven dimensions. 8 However, this is generally not the
8Later will consider relative Wu classes.
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case in twelve dimensions. Note that one might naively expect that v6, being a middle cohomology
class in twelve dimensions, will vanish in analogy to v5 vanishing in ten dimensions (see end of
Section 3.6). However, this is not the case; the main point is that there is a big difference in the
structure of Wu classes in the even and odd degree cases. The appearance of v6 in eleven and
twelve dimensions will be discussed towards the end of section 4.3; in fact there we will encounter
a relative version of this class.
4 Diffeomorphisms
In this section we consider diffeomorphisms and their manifestation in ten, eleven, and twelve
dimensions in detail, making use of the arguments and constructions in the previous sections.
Consider a diffeomorphim f : X10 → X10 which preserves some structure on the 10-manifold X10.
We certainly would like for f to preserve the orientation on X10. In addition, we also would like
to preserve further structure:
1. The Spin structure: We will consider Spin-preserving diffeomorphisms as well as the stronger
notion of Spin-diffeomorphisms.
2. The quadratic refinement: We would like for the diffeomorphisms to leave invariant the quadratic
form coming from the middle cohomology (as described in previous sections).
Preserving the first structure is natural since X10 is assumed to be a Spin manifold. The second
structure is dictated by the fact that we are considering nontrivial middle cohomology involving such
refinements. We will see that the above two types of diffeomorphisms are related, that is preserving
a Spin structure is related to preserving the corresponding quadratic forms. In summary, we would
like to study the action of the diffeomorphism group on
(i) bilinear forms;
(ii) quadratic refinements;
(iii) middle cohomology.
The mapping torus of a diffeomorphism Let us temporarily abbreviate the 11-dimensional
mapping torus (X10 × S1)f by Xf . If f and g are diffeomorphisms of X
10 then the cobordism
class of the composition decomposes into classes in Ω11, the cobordism group of closed oriented
differentiable 11-manifolds, as [Xf ·g] = [Xf ] + [Xg].
4.1 Diffeomorphisms preserving the Spin structure
Consider a 10-manifold X10 with frame bundle F (X) and Spin bundle S(X) with structure groups
SO(10) and Spin(10), respectively. Given an orientation-preserving diffeomorphism f : X10 → X10,
the differential df of f gives a diffeomorphism at the level of the frame bundle df : F (X)→ F (X),
and hence an isomorphism (df)∗ : H1(F (X);Z2) → H1(F (X);Z2). Such a diffeomorphism f
preserves the Spin structure ω if (df)∗(ω) = ω in H1(F (X);Z2). This is also called a Spin preserving
diffeomorphism. On the other hand, a Spin diffeomorphism fˆ of (X10, ω) is a pair fˆ = (f, b)
consisting not only of a Spin preserving diffeomorphism f but also of a bundle map b : S(X)→ S(X)
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covering f ; then there is a commutative diagram
S(X)
b //

S(X)

F (X)
df
// F (X)
. (4.1)
Spin diffeomorphisms. A Spin diffeomorphism is a quadruple (X10, ω, f, h) where [29] [31] [18]
• w : X10 → BSpin is a Spin structure.
• f : X10 → X10 is a diffeomorphism.
• h : I ×X10 → BSpin is a Spin structure on [0, 1] ×X10 such that h0 = ω and h1 = ω ◦ f .
For a given diffeomorphism f with this property there are exactly two homotopy classes of choices
for h since H1(I ×X10, ∂I ×X10;Z) ∼= Z2. Because of the double covering map Spin → SO, the
following map is also two-to-one
{Spin diffeomorphisms}
2:1
−→ {Diffeomorphisms preserving Spin structures} . (4.2)
Therefore, as far as Spin structures are concerned, we can have two quotients of the space of metrics
Mmet on X
10, namely
Mmet/{Spin diffeomorphisms} and Mmet/{Diffeomorphisms preserving Spin structures} .
The mapping torus of a Spin diffeomorphism. One way of defining the mapping torus
Y 11 = (X10 × S1)f in this case is to take (cf. [18]) (Y
11, ω) to be the Spin manifold formed as
follows: Z acts on R×X10 by (n, (r, x)) 7→ (r−n, fn(x)) and then Y 11 := R×ZX10, with the Spin
structure ωh induced by h.
Example 8. Consider X10 = S5 × S5 with the Spin structure given by the stable trivialization
of the tangent bundle TX10⊕O2 = (TS5⊕O)× (TS5⊕O) = (O6)× (O6). As in [31], consider the
mapping torus (X10 × S1)f = S
5 × S5 × S1 associated to the identity diffeomorphism (id, id) on
the two factors in X10, and let ∆ : S5 →֒ S5 × S5 be the diagonal map ∆(x) = (x, x). The normal
bundle of ∆(S5)× {pt} in S5 × S5 × S1 has a natural trivialization TS5 ⊕O = O6. The triviality
of the normal bundle allows us to use surgery to attach the handle made up of the product of two
6-disks D6×D6 to S5×S5×S1× [0, 1] by gluing S5×D6 to a neighborhood of ∆(S5)×{pt}×{1}
in S5 × S5 × S1 × {1} via the trivialization. In the resulting manifold W , we have embedded the
6-disk D6 with trivial normal bundle and boundary the diagonal 5-sphere ∆(S5). Let p be a base
point of S5. Then the quadratic form corresponding to the diagonal map is
qX(∆∗(S
5)) = qX
(
[S5 × p] + [p× S5]
)
= qX
(
[S5 × p]
)
+ qX([p× S
5]) + φX
(
[S5 × p], [p× S5]
)
.
The two quadratic forms on the right hand side are equal as we can exchange the two factors by
a Spin preserving diffeomorphism. This implies that the left hand side is equal to the intersection
form which is odd, that is qX(∆∗(S
5)) = 1 (mod 2).
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4.2 Diffeomorphisms preserving the quadratic structure
We would like to (also) preserve the quadratic form, as we mentioned above. Ultimately, what
we need is to quotient the space of Riemannian metrics by an intersection of diffeomorphisms
preserving the Spin structure (or Spin diffeomorphisms) with diffeomorphisms preserving quadratic
refinement. One way to ensure we get the latter is to have the diffeomorphism induce an isometry
on the quadratic forms.
Isometric quadratic forms. Let q1 and q2 be two quadratic forms. An isometry f : q1 → q2
is a linear map between the underlying vector spaces Vq1 → Vq2 such that q1(x) = q2(f(x)) for all
x ∈ Vq1 . If such an isometry exists, we write q1 ≃ q2 and say q1 and q2 are isometric.
Preserving the quadratic refinement. We have seen in section 3.5.1 that the Z-intersection
pairing leads to a corresponding Z2-intersection pairing, which can be identified with a map q :
H5(X
10;Z)→ Z2 satisfying relation (3.27). If f : X10 → X10 is a Spin preserving diffeomorphism
of (X10, ω), then by naturality of the construction in Ref. [31] (of which we will make more use
in section 4.3), we have q(f∗(x)) = q(x) for all x in H5(X
10;Z). Therefore, the diffeomorphism f
preserves the quadratic refinement.
Preserving quadratic forms. There are various invariants that are defined to determine whether
quadratic forms over an arbitrary field F are isometric. These invariants live in Galois cohomology
H iF corresponding to the field F. The following invariants correspond to cohomology classes of
ascending degrees, starting from degree 0. They are all defined on the Witt groupWF of the field F.
In addition, they behave like obstructions in the sense that the j-th invariant is a homomorphism
when restricted to the kernel of the (j − 1)-th invariant. There invariants Invj(q) are:
1. Dimension: In order to get an invariant that vanishes on hyperbolic forms, one considers
Inv0(q) = dim q (mod 2) ∈ Z2 = H
0F . (4.3)
2. Discriminant: For q a quadratic form of dimension n,
Inv1(q) = (−1)
n(n−1)/2detq ∈ F×/F×2 = H1F . (4.4)
3. Clifford invariant: This is an invariant of the Clifford algebra or the even Clifford algebra,
depending on the dimension invariant, and takes values in the 2-exponent part of the Brauer
group of F
Inv2(q) =
{
[Cℓ(q)] ∈ 2Br(F) if dim q is even;
[Cℓ0(q)] ∈ 2Br(F) if dim q is odd.
(4.5)
In general there are more invariants, Invn : ker Invn−1 → H
nF for all n ≥ 0; however not all are
needed due to a truncation process. Then the problem of deciding whether two quadratic forms
q1, q2 over F are isometric can be solved by computing cohomology classes. First, one checks that
dim q1 = dim q2. If this holds then one checks that q1− q2 is hyperbolic. This process can be tested
by successively ensuring that Invi(q1− q2) = 0 for i running over the ordered set {0, 1, · · · d}, where
the process truncates at i = d for 2d ≤ dim q1 + dim q2 via the so-called Arason-Pfister Hauptsatz
(see [53]). Note that for F = Z2, the dimension and the Arf invariant form a complete invariant.
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We have seen in relation (3.32) how (essentially) the sum of the first two invariants above– but
for the bilinear form– is constrained by the value of the bilinear form at a characteristic element.
We will need the following related concept.
Isometric structure. An isometric structure over R = Z or Z2 is a triple (V, s,I), where
• V is a free finite-dimensional R-module.
• s : V × V → R an antisymmetric unimodular bilinear form.
• I : V → V is an isometry of (V, s) into itself, i.e. for all x, y in V , s(x, y) = s(I(x),I(y)).
For us V is the middle cohomology, s is the intersection pairing, and h is the isometry of the
intersection pairing (later this will be induced from a diffeomorphism f as f∗ on the homology). The
sum of two isometric structures is defined by the orthogonal direct sum (V1, s1,I1) + (V2, s2,I2) =
(V1 ⊕ V2, s1 ⊕ s2,I1 ⊕ I2). The abelian group of equivalence classes [V, s,I] of isometric structures
denoted by 9 W−1(Z;R), the Witt group of antisymmetric structures over R. For R equal to Z or
Q, the Witt group is infinite-dimensional and is given byW−1(Z;Z) ∼= Z∞⊕Z∞2 ⊕Z
∞
4 . The torsion-
free part is detected by the equivariant signature and the torsion is related to number theoretic
invariants that we will not consider here (see [38]).
Now for (X10, f) a diffeomorphism of a 10-dimensional closed manifold, the intersection form s
on H5(X
10;Z)/Tor is antisymmetric and unimodular by Poincare´ duality. The diffeomorphism f
induces an isometry f∗ : H5(X
10;Z)/Tor → H5(X10;Z)/Tor. The isometric structure I(X10, f) of
a diffeomorphism (X10, f) is defined as
[H5(X
10;Z)/Tor, φ∗X , f∗] ∈W−1(Z;Z) . (4.6)
This equivalence class in the Witt group is a cobordism invariant. See [29] for more details.
Preserving Spin structure vs. preserving quadratic structure. As mentioned at the
beginning of Section 4 and the introduction to the current Section, one way to ensure preserving
both the Spin structure and the quadratic structure is to restrict to those diffeomorphisms which
lie in the intersection of the diffeomorphisms preserving the first and those preserving the second.
There is in fact a map from the set of Spin structures on X4k+2 to the set of quadratic refinements
of the mod 2 intersection pairing on H2k+1(X
4k+2;Z2) [12]. The set of Spin structures is H1(X;Z2)
and the set of quadratic refinements is the 2-exponent group 2H
2k+1(X10, U(1)) (cf. [7]). However,
this map is neither injective nor surjective in general, so that knowing one side of the map does not
in general tell us about the other in any complete way. However, in the case of Riemann surfaces,
corresponding to k = 0, the map is an isomorphism. What we can do is assume that one of the sets is
a subset of the other set. For example, we can assume an injection H1(X10;Z2) →֒ 2H5(X10, U(1)),
so that preserving the quadratic refinement also preserves the Spin structure. Depending on whether
the number of Spin structures is large, we can also assume an injection the other way. At any rate,
as mentioned in the remarks at the end of section 2.4, we do not need to go into such specifications
in order to arrive at the conclusions on anomaly cancellation.
9The -1 subscript refers to antisymmetric.
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4.3 Diffeomorphism on (almost) middle cohomology in 11 and 12 dimensions
We have seen in Section 3.5.2 that the torsion subgroup in eleven dimensions and the corresponding
linking pairing, equation (3.28), are related to the Arf invariant. In this section we will see how both
data, the torsion subgroup T5((X
10 × S1)f ) and the linking pairing L, can be described in terms
of the induced mapping f∗ : H5(X
10;Z) → H5(X10;Z) on the middle-dimensional cohomology of
the base 10-manifold. We will make use of the construction in Ref. [31].
Extension to the mapping torus. Consider an element y ∈ H5(X
10;Z). We would like to see
how much y changes under the action of f∗, that is to the new element f∗y. To that end, consider
the difference y − f∗y, represented by the action of the map (1 − f∗) on the element y. Requiring
this difference to be zero might be too much to ask as then we would be saying that these element
are actually invariant. However, we would like to do something close, namely consider the above
difference to be a nonzero multiple of a nontrivial element x in H5(X
10;Z). Hence we consider a
summand in H5(X
10;Z) given by
A = {x ∈ H5(X
10;Z) | Nx = y − f∗y for some nonzero integer N and some y ∈ H5(X
10;Z)} .
(4.7)
On this group, define the rational bilinear pairing B : A×A → Q by the formula
B(x1, x2) =
1
N
· φ∗X(x1, x2) , (4.8)
where Nx2 = y2 − f∗(y2) and φ
∗
X is the intersection pairing on X
10. The image of the map
(1 − f∗) : H5(X
10;Z) → H5(X
10;Z) is contained in A and the quotient [A/im(1 − f∗)] is a finite
abelian group, i.e. a lattice. In fact, the inclusion ι : X10 →֒ (X10×S1)f of X
10 into X10× 0 leads
to an isomorphism of torsion groups [A/im(1− f∗)] ∼= T5((X
10×S1)f ). Indeed, consider homology
long exact sequence
// H5(X
10;Z)
(1−f∗)
// H5(X
10;Z)
i∗ // H5(Y
11;Z) // H4(X10;Z)
(1−f∗)
// H4(X
10;Z) . (4.9)
Since H5(X
10;Z) is assumed to be torsion-free, then so is H4(X10;Z) by Poincare´ duality. 10
This implies that the torsion subgroup T5(Y
11) ⊂ H5(Y
11;Z) does not get any contribution from
elements in ker(1− f∗) : H4(X
10;Z)→ H4(X10;Z). This gives the desired result.
Now the bilinear form B on the set A induces a corresponding bilinear form B′ on this torsion
group
B′ : [A/im(1− f∗)]× [A/im(1− f∗)]→ Q/Z , (4.10)
which is exactly the linking pairing L on T5(Y
11); cf. equation (3.28).
Consider a quadratic refinement q which is compatible with f in the sense that q(f∗(x)) = q(x)
for all x in H5(X
10;Z) (cf. Section 4.2). Associated to this quadratic refinement there is a mapping
Q˜[q] : A → Q/Z, defined by Q˜[q](x) = 12B(x, x) + j(q(x)), where j : Z2 →֒ Q/Z represents the
inclusion j(1) = 12 , j(0) = 0. From the general construction of Ref. [31], the mapping Q˜ induces a
quadratic refinement
Q[q] : [A/im(1− f∗)]→ Q/Z (4.11)
10See Section 3.3.
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of the nonsingular pairing B′ in (4.10) (which coincides with the linking pairing L on the mapping
torus given in (3.28)). Recall that this quadratic refinement was defined solely from the the map
f∗ and the quadratic form q, both on the basic middle homology H5(X
10;Z).
Extension to twelve dimensions. Consider Y 11 = (X10 × S1)f as the boundary of a compact
smooth oriented 12-manifold Z12. We need to choose a relative Wu class v′ ∈ H6(Z12, Y 11;Z2)
whose restriction v′|Z12 is the 6th Wu class v6(Z
12) ∈ H6(Z12;Z2), and which is compatible with
the quadratic refinement Q. The most convenient choice is v′ = 0. 11 But then for all relative
homology classes b ∈ H6(Z
12, Y 11;Z) with ∂b a torsion class in H5(Y 11;Z) we should have
Q[q](∂b) = −
1
2
φY (b, b˜) (mod Z) in Q/Z , (4.12)
where b˜ is some choice of rational class in H6(Z
12;Q) which has the same image as b in the relative
rational homology group H6(Z
12, Y 11;Q). This can be checked explicitly using chains [31].
4.4 Description via the Rochlin invariant
In this section we will see how the expression for the anomaly in type IIB involving the combination
of eta invariants on the mapping torus (cf. expressions (2.8) and (2.22)) is encoded in the Rochlin
invariant. This will be an overview and an application of the mathematical results in [34] [31] [18].
On the Spin manifold Y 11 = (X10×S1)f there exists a well-defined Z16-invariant R(Y 11) given
by the formula [34]
R(Y 11) = σ(Z12) mod 16 ∈ Z16 . (4.13)
This Rochlin invariant is well-defined; this follows from the Novikov additivity of the signature
and the divisibility in the closed case, i.e. Ochanine’s result [41] that the signature σ(Z12) on the
intersection pairing φ∗Z : H6(Z
12;Z) ⊗ H6(Z12;Z) → Z of the middle-dimensional homology of a
compact closed Spin manifold 12-manifold Z12 is divisible by 16. 12 The value of the Rochlin
invariant modulo 8 is independent of the choice of Spin diffeomorphism F = (f, b) covering f and
only depends on data related to the middle (co)homology, namely:
1. The quadratic mapping qω : H5(X
10;Z) → Z2 defined by the Spin structure ω. This is a
quadratic refinement of the intersection pairing on X10 constructed by Brown [12].
2. The induced map f∗ : H5(X
10;Z)→ H5(X10;Z) on the middle-dimensional homology of X10.
Since Y 11 with its Spin structure ω always bounds, then from [31], the Rochlin invariant is given
by
R(Y 11, ω) =
1
2
η(Y 11,S) + 4[h(Y 11;DTY ) + η(Y
11;DTY )]− 16η(Y
11;D) mod 16 . (4.14)
We now consider the Rochlin invariant in the presence of some structure. From [13], we have for
the relative cohomology H6(BSO,BSO[v6];Z2) ∼= Z2 and so this group contains a unique nonzero
element v. Let g : Z12 → BSO denote the classifying map of the stable normal bundle of Z12. The
11See the end of Section 3.6 as well as Section 3.7 for a discussion on Wu classes.
12So had Z12 been closed then showing absence of global anomaly would have been straightforward.
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pair of mappings (g, ν˜) : (Z12,X10)→ (BSO,BSO[v6]) can be used to pullback v to a cohomology
class v˜ in the relative cohomology group H6(Z12,X10;Z2); indeed, we know that X10 admits a
Wu-structure (see end of Section 4.3).
From the point of view of the mapping torus Y 11 = (X10 × S1)f , we need to consider the
corresponding pairing L on the torsion subgroup T 5(Y 11) as well as the quadratic refinement QL
(see expression (3.30)). Using the quadratic refinement QL, one can assign to such a class v˜ a
modulo 8 invariant v˜2Q such that the following relation holds [34]
v˜2Q −A(Y
11, QL) = σ(Z
12) mod 8 . (4.15)
If Z12 is taken to be a Spin manifold then the maps to BSO and BSO[v6] factor through BSpin, so
that the pair (g, ν˜) induces a trivial map between relative cohomology groups (see diagram (3.35))
and in this case we have v˜ = 0 and v˜Q = 0.
Let us consider X10 to be Spin with a Spin structure ω. From Ref. [12], the Spin structure ω
gives a canonical refinement q of the Z2-intersection pairing, that is
q : H5(X
10;Z) −→ Z2
q(x+ y)− q(x)− q(y) = φ∗X(x, y) (mod 2) .
Then in this case where all manifolds are Spin, and using [31], we have that the Rochlin invariant,
the Arf invariant, and the signature are related as
R(Y 11) = σ(Z12) = −A(Y 11, QL) (mod 8) . (4.16)
The Rochlin invariant in terms of the Arf invariant. We have seen towards the end of
Section 4.3 that a quadratic refinement can be constructed on the mapping torus starting from the
action of the diffeomorphism on the middle cohomology of the base 10-manifold X10, via f∗, and
from the corresponding quadratic form q. This quadratic refinement satisfies some compatibility
conditions spelled there (cf. equation (4.12)). Thus with compatibility, via [13], the Rochlin
invariant of the mapping torus is given by the Arf invariant of this quadratic form Q[q] in (4.11),
that is
R((X10 × S1)f , ω
′) = −A(Q[q]) (mod 8) . (4.17)
Example 9: Products with b5 = 0. We can consider the case of product manifolds with the
possibility that diffeomorphisms on one or more of the factors are trivial. Take X10 to be the
product manifold T 2 × HP 2 of a two-torus with the quaternionic projective plane. Take α :=
(T 2, ω, f, h) − (T 2, ω, id, h′) where f is given by
(
1 1
0 1
)
and ω is the standard Spin structure of
T 2 = R2/Z2 (with nontrivial Arf invariant), h an appropriate homotopy and h′ a constant homotopy.
Then the Rochlin invariant is even, R(α) ≡ 0 (mod 2). Now consider the quaternionic projective
plane HP 2 and take β := (HP 2, ω, id, h) with any Spin structure, identity diffeomorphism and
constant homotopy. Then the product (T 2 ×HP 2)f×id = (T 2 × S1)f ×HP 2 is a Spin boundary of
M4×HP 2 if ∂M4 = (T 2×S1)f . Since the signature is multiplicative, the Rochlin invariant of the
product is [18] R(α× β) = sign(M4 ×HP 2) = sign(M4) · sign(HP 2), which is equal to R(α) since
the signature of HP 2 is 1. We will consider this example further in section 4.5.
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Note that this allows us to make use of the transparent Riemann surface case, for which there is
a one-to-one correspondence between the set of Spin structures and the set of quadratic refinements.
The general case is reduced to this particular case by taking X10 = Σg×R8, where Σg is a Riemann
surface of genus g.
Variation of Spin structure on X10 and the Arf invariant. Now we consider the situation
whereX10 has (at least) two Spin structures. This means that X10 has to satisfy |H1(X10;Z2)| ≥ 2.
Let f : X10 → X10 be an orientation preserving diffeomorphism which preserves two Spin structures
ω1, ω2 on X
10. Lift f to two Spin diffeomorphisms F1 = (f, b1) and F2 = (f, b2) which preserve
the Spin structures ω1 and ω2, respectively. Let ω
′
1, ω
′
2 be the Spin structures on (X
10 × S1)f
corresponding to these two choices F1 and F2. In this situation, the Rochlin invariant of the
difference R[(Y 11, ω′1)− (Y
11, ω′2)] is always defined since Y
11 is always the Spin boundary of some
12-manifold Z12.
Now let q1, q2 : H5(X
10;Z) → Z2 be the quadratic refinements of the intersection pairing
determined by the Spin structures ω′1, ω
′
2, respectively. We need to look at the value of the
difference q2(y) − q1(y) inside Q/Z via the embedding j : Z2 →֒ Q/Z, for any element y in the
group A, defined in (4.7). In fact, there is a unique element z in the quotient [A/im(1 − f∗)] such
that j[q2(y)− q1(y)] coincides with the bilinear form B
′(y, z), defined in (4.10), for all y in A. Note
that B′ is nonsingular, which is compatible with j(0) = 0 and the fact that we take q1 and q2 to be
distinct. Then, building on [31], the Rochlin invariant of the difference is essentially given by the
difference of the Arf invariants of the corresponding quadratic forms
R[(Y 11, ω′1)− (Y
11, ω′2)] = A[Q(q1)]−A[Q(q2)] (mod 8) . (4.18)
Variation of Spin structure and the Ochanine invariant. Let (X10, f) be a fixed connected
Spin manifold and f a Spin diffeomorphism. Then there are exactly two homotopy classes of
homotopies from f ◦ ω to ω. In particular, there are exactly two Spin structures on the mapping
torus corresponding to the identity diffeomorphism (X10 × S1)id = X
10 × S1, and let h be the one
nontrivial on S1. Then X10×S1 is also a Spin boundary with respect to h. The Ochanine invariant
[41] is defined in our setting as
O(X10, ω) := R(X10, ω, id, h) ∈ Z16 . (4.19)
Note that O(X10, ω) ∈ 8 · Z16 ∼= Z2 since 2O(X10, w) = R(2(X10, ω, id, h)) = 0. This invariant
is always divisible by 8. Next, let h and h′ be representatives of the two homotopy classes of
homotopies joining ω to ω ◦f . Then, using [18], we have that the variation of the Rochlin invariant
is given by the Ochanine invariant of the base
R(X10, ω, f, h)−R(X10, ω, f, h′) = O(X10, ω) . (4.20)
In fact, as can be deduced from Ref. [14], both of the above variations are zero mod 8. Applications
of this invariant to the partition function in M-theory is given in Ref. [45].
Effect of torsion in middle (co)homology. To which extent is the Rochlin invariant R deter-
mined by the induced map on H5(X
10;Z)? This will depend on whether or not torsion is present.
The formulation in [31] gives a formula for R (mod 8) in terms of the induced map, if H5(X
10;Z)
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is torsion-free. As argued in [18] (in more generality than what we need) this condition cannot be
dropped so that there cannot be a formula depending only on the induced map f∗ on H5(X
10;Z)
and the Spin structure. An example which illustrates this is given towards the end of Section 4.5.
There is a relative cohomology class x ∈ H6(Z12, Y 11;Z2) such that
〈x ∪ x, [Z12, Y 11]〉+ dimZ2(T
6(Y 11)⊗ Z2) ≡ σ(Z
12) mod 2 . (4.21)
By Poincare´ duality, T 6(Y 11) ∼= T5(Y
11). Furthermore, if we set x = 0, then the Rochlin invariant
in this case can be calculated only mod 2 as
R(X10, w) ≡ dimZ2(T5(X
10)⊗ Z2) mod 2. (4.22)
4.5 Description via cobordism invariants related to the Rochlin invariant
We have seen that the global anomaly formula involves the division of this linear combination of
eta invariants by 8. It is then natural to ask whether this division leads to an integer or just a
rational number. This makes a direct use of the results in [18] as well as the constructions in [29].
One of the byproducts is an explanation of the extension from the circle to the Riemann surface in
diagram (2.5) and the discussion around it.
Cobordism of diffeomorphisms. The cobordism group of m-dimensional diffeomorphisms ∆m
is the cobordism group of differentiable fiber bundles over S1 with (m+1)-dimensional total space
and is given by the mapping torus. In the case of X10 in type IIB, we have to consider ∆10,
which is not finitely generated nor finite-dimensional (even rationally). It is natural to ask how
the cobordism group of 10-dimensional diffeomorphisms ∆10 is related to other ‘more common’
cobordism groups. To answer this question, we would like to describe three homomorphisms from
∆10.
1. There is an obvious homomorphism from the cobordism group of diffeomorphisms ∆10 to the
cobordism group Ω10 ∼= Z2 of closed oriented 10-manifolds given by forgetting the diffeomorphism
and considering only the cobordism class of the underlying 10-manifold, that is [X10, f ] 7→ [X10].
2. The mapping torus construction raises the dimension by one, and there is a homomorphism
from ∆10 to Ω11 ∼= Z2, the cobordism group of closed oriented 11-manifolds, given by [X10, f ] 7→
[(X10 × S1)f ]. The image of this map, denoted Ω̂11, coincides with the kernel of the Hirzebruch
signature operator τ because the total space of a fibration over the circle has a vanishing signature
[39].
3. The isometric structure (of section 4.2) leads to the surjective homomorphism I(X10, f) : ∆10 →
W−1(Z;Z) ∼= Z∞⊕Z∞2 ⊕Z
∞
4 . This third homeomorphism is much more involved than the first two
and requires the use of the the Neumann invariant (see below).
Putting the three homomorphisms together, the ‘total’ homomorphism ∆10 →W−(Z;Z)⊕Ω10⊕
Ω11, mapping
[
X10, f
]
to
(
I(X10, f), [X10], [(X10 × S1)f ]
)
, is an isomorphism [29]. Therefore, the
cobordism group of diffeomorphisms of oriented 10-manifolds X10 is ∆10 ∼= Z∞⊕Z∞2 ⊕Z
∞
4 ⊕Z2⊕Z2.
The case of X10 with extra structure. The above discussion was for general manifolds with
no special structure, i.e. for X10 only oriented. We will mainly be interested in the Spin case,
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that is adding a Spin structure to the above discussion. However, we could also add other relevant
structures, either more refined such as a String structure, or more crude such as a framing. Gener-
ally, if B is e.g. BSpin, BString, BU, B1, corresponding to Spin structure, String structure, almost
complex structure, and framing, respectively, then [29] the kernel of the homomorphism
∆B10 −→ W−(Z;Z)⊕ Ω
B
10 ⊕Ω
B
11 (4.23)
is a subgroup of Z/τ(B, 12)Z, where the denominator is the smallest positive signature of a closed
12-dimensional B-manifold. We can consider the following cases:
1. X10 is Spin: If the 10-manifold X10 is Spin then we have to consider the cobordism group ∆Spin10
of 10-dimensional Spin diffeomorphisms. Here the relevant cobordism groups are in dimension
eleven ΩSpin11 = 0, and dimension ten Ω
Spin
10
∼= Z2 ⊕ Z2 ⊕ Z2.
2. X10 is String: Here the relevant cobordism groups are ΩString10 = Z2 ⊕ Z3 and Ω
String
11 = 0.
3. X10 is framed: Many examples that we considered, including S5 × S5 are in fact framed
manifolds.
We have, however, concentrated mostly on the Spin case in this paper.
The Neumann invariant. Again, let Y 11 = ∂Z be the mapping torus (X10 × S1)f for X
10.
Then the Neumann invariant N (X10, f) is defined to be the signature of the symmetric bilinear
form on H5(X
10;Q) given by
(x, y) 7−→ φX((f∗ − f
−1
∗ )x, y) . (4.24)
i.e. σ(Z12) = N (X10, f). Unlike the isometric structure described in Section 4.2 above, the
Neumann invariant is not a cobordism invariant [40]. For example, let g : S5×S5 → S5×S5 be the
clutching function of the sphere bundle of the tangent bundle of the 6-sphere S6. Then with respect
to the standard basis of H5(S
5×S5), g∗ has the matrix description
(1 0
2 1
)
and the intersection form
s has the matrix form
( 0 1
−1 0
)
. This gives the value of the Neumann invariant for the mapping
torus N (S5 × S5, g) = 1. However, the mapping torus (S5 × S5, g) is null-bordant since the sphere
bundle bounds the disk bundle. Therefore, N is not a cobordism invariant.
Example 10. Take X10 to be the product manifold T 2 × HP 2. Take α := (T 2, ω, f, h) −
(T 2, ω, id, h′) where f is given by the matrix
(
1 1
0 1
)
and ω is the standard Spin structure of T 2 =
R2/Z2 (with nontrivial Arf invariant), h an appropriate homotopy, and h′ a constant homotopy.
Then the Neumann invariant is odd N (α) ≡ 1 (mod 2). Then the Neumann invariant for the
product reduces to that of the 2-torus, i.e. N (α × β) = N (α). We have considered the Rochlin
invariant on these manifolds in Section 4.4.
We now make use of an integer invariant that captures the Rochlin invariant modulo 16, and
hence describes the combination of the eta invariants appearing in the global anomaly formula.
The Fischer-Kreck cobordism invariant. Following [18], we define the invariant (cf. (4.14))
R(Y 11, ω) = −η(Y 11, S) + 4[h(Y 11;DTY ) + η(Y
11;DTY )]− 16η(Y
11;D) mod 16 ≡ S(Y 11, ω) .
(4.25)
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The cobordism invariant (Y 11, ω) 7→ S(Y 11, ω) ∈ R/Z is an integer described as follows (see [18]).
There is an exact sequence
0→ K → ∆Spin10 → Ω
Spin
10 ⊕ Ω
Spin
11 ⊕W−(Z;Z)→ 0 (4.26)
with isomorphism K → Z16 given by [X10, ω, f, h] 7→ R((X10 × S1)f , ωh) − N (X10, f) mod 16.
Here N := N (mod 16), i.e. is the reduction modulo 16 of the Neumann invariant described above.
The sequence in fact splits and, with ΩSpin10
∼= Z2⊕Z2⊕Z2 and Ω
Spin
11 = 0, there is an isomorphism
∆Spin10
∼= Z2 ⊕ Z2 ⊕ Z2 ⊕W−(Z;Z)⊕ Z16 . (4.27)
The Witt group W−(Z;Z) is described towards the end of Section 4.2. The new invariant in this
case is
S(X10, ω, f, h) : ∆Spin10 → Z16 . (4.28)
Note that the exact sequence also shows that every 11-dimensional Spin manifold is cobordant to a
mapping torus. Therefore, considering the Fischer-Kreck invariant for mapping tori in fact covers
all Spin 11-manifolds, since this invariant is a cobordism invariant.
Dependence on homotopy and relation to the Ochanine invariant. Let h and h′ be
representatives of the two homotopy classes of homotopies joining the Spin structure ω to Spin
structure ω ◦ f . Then, using [18], we have that the variation of the Fischer-Kreck invariant is given
by the Ochanine invariant of the base
S(X10, ω, f, h)− S(X10, ω, f, h′) = O(X10, ω) . (4.29)
This is analogous to the variation of the Rochlin invariant leading to expression (4.20). The
appearance of the Ochanine invariant in the dual type IIA string theory has been highlighted in
Ref. [43].
Example 11: Effect of torsion in middle homology. Consider our standard example, the
10-manifold X10 = S5 × S5 and let a and b form a basis of H5(X
10;Z) which is defined by the
embedding of the first factor and by the diagonal, respectively. The intersection pairing with
respect to this basis is given by
( 0 1
−1 0
)
. The mod 2 refinement q given by the normal bundle of an
embedded sphere is defined by q(x) = 0 is and only if the normal bundle is trivial. This refinement
has values q(a) = 0 and q(b) = 1 on the basis elements. The automorphism of H5(X
10;Z) defined
by a 7→ a + b, b 7→ b can be realized by a diffeomorphism f of X10 which keeps a neighborhood
U of the diagonal ∆(S5) fixed. Then in this case the Rochlin invariant is even R(X10, ω, f, h) ≡ 0
(mod 2) and the Neumann invariant is N (X10, f) = 1. Now 2b can be realized by an embedding
S5 →֒ U and has a trivial normal bundle, since q(2b) = 0. This then allows us to do surgery using
a tubular neighborhood of 2b contained in U [18].
To that end, consider the resulting 10-manifold X˜10 := (X10\S5 × D5)
⋃
D6 × S4 and diffeo-
morphism f˜ := f |X10\S5×D5∪id. Since the two manifolds (X
10, f) and (X˜10, f˜) are Spin cobordant,
the difference of their Rochlin invariants and reduced Neumann invariants (i.e. essentially the
Fischer-Kreck invariants) are equal (R−N )(X10, f) = (R−N )(X˜10, f˜). Furthermore, we have for
the homology groups H4(X˜
10) ∼= Z2 ∼= H5(X˜10), so that the middle cohomology is torsion. Ratio-
nally, H5(X˜
10;Q) = 0, which implies that that the Neumann invariant vanishes N (X˜10, f ′) = 0 so
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that the Rochlin invariant R(X˜10, f˜) is a generator of Z16. Now for any n, the Rochlin invariant
corresponding to an iterated cobordism satisfies R(X˜10, f˜n) = nR(X˜10, f˜). This means that X˜10
is a Spin manifold with torsion middle cohomology such that for any integer r there exists a Spin
diffeomorphism (f, h) on (X10, ω) such that R(X10, ω, f, h) ≡ r (mod 16).
The consequences of the above example are two-fold. First that, as stated towards the end of
Section 4.4, that the Rochlin invariant cannot be computed if torsion in middle homology is present.
Second, aside from torsion, given a value of the Rochlin invariant corresponding to a diffeomorphism
f , one can produce any integer multiple of this invariant by considering the iterations of f .
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